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SUMMAET 


The method developed in NACA TN No. 995 has Been slightly modified 
and extended to include flows with circulation. The essential feature of 
the modified method is that in analytic continuation of the solution the 
alteration of the singularities of the incompressible solution due to the 
presence of the bypergecanetric functions has been taken into account. 

It wan found that for finite Mach number the only case in which the 
nature of the singularity of the incompressible solution can remain 
unchanged is for a ratio of specific heats equal to — 1 . 

Two particular flows, one having a finite circulation and the other 
having zero circulation, have been studied. Both flows were derived from 
the incompressible flow about an elliptic cylinder of thickness ratio 0 . 60 . 
The free-stream Mach number for both cases was taken to be 0.60 in 
ord.er to avoid the appearance of limiting lines. The pressure distribution 
for the flow without circulation has been compared with that of 
incompressible flow over approximately the same body. The discrepancies 
between the exact results and those predicted by the approximate Yon Karman- 
Tsien and Glauert^-Prandtl formulas are so wide as to show definitely that 
in this case the effect of geometry cannot be ignored, as is done in both 
approximate formulas. In general, it seems that the effect of geometry 
cannot be neglected and the conventional "pressure-correction" fo rmul as 
are not valid, even in the subsonic region if the body is thick, especially 
if there is a supersonic region in the flow. 


INTRODUCTION 


This report is a continuation of the work reported in NACA TN 
No. 995 . The method developed in that report has been slightly modified 
and extended in the present report to include flows with circulation. 

The general concept and method is outlined without the mathematical 
details in part I. The essential feature of the modified method is 
that in analytic continuation of the solution the alteration of the 
singularities of the incompressible solution due to the presence of the 
hypergeometric functions has been taken into account, as fully discussed 
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in part II. It was found that for finite Mach number the only case in 
which the nature of the singularity of the incompressible solution can 
remain unchanged is for a ratio of specific heats equal to — 1. Part III, 
which contains a discussion of the improvement of convergence of the 
power series, contains no essentially new material and is included primarily 
for the sake of completeness. Detailed proofs are given in appendixes A 
to F. 


Part IV contains the study of two particular flows, one having a 
finite circulation and the other having zero circulation. Both are derived 
from the incompressible flow about an elliptic cylinder of thickness' 
ratio 0.60. The free— stream Mach number for both cases is taken to be 
0.60 in order to avoid the appearance of limiting lines. The pressure 
distribution for the flow without circulation has been compared with that 
of incompressible flow over approximately the same body. The discrepancies 
between the exact results and those predicted by the approximate 
Von Karmdn— T s i en and Glauert— Prandtl formulas are so wide as to show 
definitely that in this case the effect of geometry cannot be ignored, as 
is done in both approx imat e formulas. In general, it seems that the 
effect of geometry cannot be neglected, and the conventional "pressure- 
correction" formulas ere not valid, even in the subsonic region if the 
body is thick, especially if there is a supersonic region in the flow. 

The importance of this result cannot be overemphasized, as there is a 
widespread tendency in engineering practice to use simple pressure- 
correction formulas indiscriminately. 

This work was conducted at the Guggenheim Aeronautical Laboratory of 
the California Institite of Technology under the sponsorship and with the 
financial assistance of the National Advisory Committee for Aeronautics. 


I - CONCEPTS AND METHODS 
General Consideration of Transonic Flows 


The flow of a compressible ideal fluid about an infinite cylindrical 
body, unlike that of an incompressible fluid, depends on, among other 
conditions, the speed or Mach number at infinity. If the free— stream 
Mach number is below a certain value, the flow pattern will be very 
similar to that of an incompressible fluid even though part of the flow 
may be supersonic. However, as soon as the limiting Mach number is 
reached, the situation is entirely different. The phenomenon of major 
importance in this new situation is the appearance in the calculations 
of limiting lines in the supersonic region, characterized by the fact 
that the fluid particles there experience an infinite pressure gradient. 

It can be shown that if the assumptions of isotropy and of irrotationality 
of the flow are not rejected, it is impossible to continue the solution 
beyond these singular lines (reference 1). The failure of potential flow 
can be attributed to the effects of viscosity and conductivity of the 
fluid. Although the exact relation between the limiting line and shock 
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vave is still not established, there is reason to believe that in most 
cases the theoretical appearance of a limiting line necessarily implies 
the existence of a shock wave. Therefore, in practice the knowledge of 
the conditions under which the limiting lines appear for a given body 
is. of paramount importance. 


Chaplygin Hodograph Method 

To solve the problem of a potential flow of compressible fluid, 
the use of the hodograph method was first suggested by P. Molenbroek 
(reference 2) and later by S. A. Chaplygin (reference 3). The advantage 
of this method is that in the case of two-dimensional potential flow it 
leads to a linear partial differential equation instead of a quasi— linear 
one, such as obtained in the physical plane. The particular solutions 
of this partial differential equation were found to be very similar to 
those for an incompressible fluid except that each consists of a hyper- • 
geometric function containing the Mach number as a parameter. Since the 
equation is linear, a general solution can be constructed for any assigned 
domain by the principle of superposition. The difficulty in connection 
with this method is that the solution so obtained in the hodograph plane 
may not transform to a "good” aerodynamic body. The problem of con- 
structing a solution in the hodograph plane which corresponds to a 
desired body in the physical plane has proved to be extremely difficult. 

The difficulty was partly solved by constructing a solution which, 
in the limit of zero Mach number, reduces to a known incompressible flow. 
Using this idea, Chaplygin studied the subsonic motion of a gas Jet and 
F. Kingleb (reference 4) calculated the flow around a sharp edge. 

Following the same principle, Tsien (reference 5) for the first time solved 
the problem of a subsonic flow about a closed body, by simplifying the 
differential equation in such a manner that the difference between the 
compressible and incompressible solutions appears only in a modification 
of the speed scale. This method was later generalized by L. Bers 
(references 6 and 7) to include the flow with circulation. In the general 
case where the ratio of specific heats y is not equal to —1, this 
simple form of speed distortion does not exist; therefore the method 
mu3t be extended. 


Critique of a Previous Method by Tsien and Kuo 

In reference 8 the flow past a closed body as well as over a wavy 
surface of a gas with a characteristic constant y greater than unity 
was considered. The method was based on the determination of two 
functions: the stream function and the transformed, potential introduced 

through a Legendre transformation. When these two functions are properly 
chosen, the coordinate functions x(q,0) and y(q,0) are given by 
differentiation. Consequently, with the aid of the stream function, the 
flow pattern can be calculated. 
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"The difficulty of the scheme is twofold. First, whenever a stream 
function and a. transformed potential satisfying thd conditions of conti- 
nuity are constructed, they are required to satisfy the further condition 
of "compatibility" to ensure that they actually do belong to the same 
flow. In the case of circulation-free flow, this condition brings no 
difficulty. However, for a circulatory flow there seems to be an insuf- 
ficient number of arbitrary constants to meet this stringent requirement. 
Secqnd, the coexistence of two indirectly connected functions, such as 
the stream function and the transformed potential, automatically intro- 
duces two groups of hypergeometric functions and doubles the number of 
sets of unknown coefficients defining the power series. All these compli- 
cations result in a large amount of labor. 


In order to simplify the procedure, the velocity potential will be 
introduced instead of the transformed potential. Inasmuch as both the 
stream function and the velocity potential are directly connected by 
simple differential equations, the determination of one leads uniquely to 
that of the other. The difference between the particular integrals of 
these functions is simply as follows. For the stream function the par- 
ticular integral contains, aside from the trigonometric function, the 


factor 


f( 




1 V F( a y , ^v* c v JT ^ , where q is the speed of the flow and 
a v>^v^ c vi T ) -*- s hypergeometric function. On the other hand, the 


particular integral of the velocity potential will have only an extra 
factor involving the logarithmic derivative of f( ay,b v ;c v ;T J . Further- 


more, because of the two partial differential equations connecting them, 
both functions will have common coefficients. Thus, only one group of 
hypergecanetric functions and one set of unknown constants are necessary 
for the complete determination of the two functions. 


Construction of Solution in Hodograph Plane 

Before outlining the procedure adopted here, it is perhaps proper to 
describe the mapping of an incompressible flow. In order to simplify 
the argument, the body has been assumed to be symmetrical with respect 
to the coordinate axes and the flow at infinity to be parallel to the 
major axis. Such a flow, when mapped onto the hodograph plane, will give 
rise to two branches of Riemann surfaces, each corresponding to one— half 
of the physical plane. Because. of symmetry, the discussion may be 
restricted to, say, the left— half plane D (fig. 1). Because of the fact 
that the maximum and minimum velocities occur on the surface of the body, 
the whole field of flow is mapped into the interior of the hodograph D 
the boundary of which corresponds uniquely to the left— half portion of 
the body M'SM, and infinity corresponds to a point P on the positive 
axis of real values. Evidently, this point is singular. 

With such a domain in the hodograph plane, it is possible to construct 
a compressible flow from a "similar" incompressible flow. By similar flow 
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is meant that at the limit of zero Mach number the compressible— flow 
solutions will reduce uniquely to the given incompressible flow. First, 
since the stagnation point, that is, the origin S, is a regular point, 
there exists a Taylor expansion in its neighborhood. As the singular 
point which corresponds to the infinity of the physical plane is an 
interior point, it must be on the circle of convergence C of the solution. 
Second, the solution represented by the Taylor expansion should be 
continued analytically for the whole domain. This can be done, of course, 
either formally by analytic continuation or by solving Cauchy's initial 
value problem. The former, however, is not practicable. As to the latter, 
use can be made of the known character of the singularity of the incom- 
pressible flow to determine the form of the expansion outside the circle 
of convergence C. If the Taylor expansion is regarded as given, the ' 
"outside" solution can be uniquely defined by the conditions of continuity 
across' the circle of convergence C. This, of course, is based on the 
assumption that the character of the singularity is unchanged by 
compressibility . 

It is found, however, that the assumption is not valid. Theoretically, 
it can be shown that, if a Taylor expansion corresponding to incompressible 
flow is given, then after each term of the expansion is multiplied by a 
proper hypergecanetric function, the resulting solution will have a logar- 
rithmic singularity in addition to those it originally possessed. This 
means that the "distortion" due to compressibility becomes larger for 
larger speeds. It can also be shown that the c har acter of the singularity 
is preserved for nonvanishing Mach number if and only if the ratio of the 
specific heats assumes the value of —1. In order to take this effect 
into account, the procedure is either to start with a special body to 
compensate it or to el imina te it by adding an extra term to the outside 
solution. The former procedure is difficult. By following the latter, 
the part of the outside solution which, in the limit, reduces to that of 
the Incompressible flow is regarded as known. Then the Taylor expansion 
and the extra term added to the outside solution can be determined by the 
conditions of continuity. The extra term becomes zero for zero Mach 
number. Thus, it is seen that the Chaplygin condition is again satisfied 
but the procedure has been greatly extended. 

The flow with a finite circulation has also been considered. In 
order to simplify the mathematical problem, the circulation has been 
assumed to be very small. Under this assumption the effect of circulation 
on the solution of the incompressible flow can be represented approximately 
by an arbitrary combination of vortices and doublets at the singularities 
of the hodograph. Therefore, to the original singularities there will be 
superposed a logarithmic one in order to define a circulation. Since the 
added part due to circulation is an even function, the resultant solution 
will be unsymmetric with respect to the major axis. 

The solution for the similar compressible flow can be constructed 
in the same manner, with the exception that the conditions of continuity 
across the circle of convergence are insufficient to determine all the 
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arbitrary constants, in particular those characterizing the strengths of 
the vortices and the doublets. These are determined from the condition 
that at the stagnation point dx = 0 and dy = 0 and from the geomet- 
rical condition of syrametiy. The former condition is satisfied in all 
cases irrespective of whether there is circulation, whereas the latter is 
required only when the circulation is finite. 


Improvement of the Convergence of Power Series 

The whole problem thus hinges on the method of carrying out the 
actual computation. It should be pointed out that inasmuch as the solu- 
tions, in the limit, reduce to harmonic functions, the convergence of the 
power series, especially in the neighborhood of the circle of convergence, 

is generally very slow. This is particularly true of the part 
00 

q — v,b v - v;l — v;t) sinv0 of the outside series, because 

it contains the hypergeometric functions which increase rapidly with v . 

This situation can be eased somewhat by introducing the asymptotic 
expansions of the hypergeometric functions. For, after these are substituted 
in the solutions, the first- and sometimes even the second— order terms can 
be summed. As a result, the solution in each case can be broken up into 
two parts, one of which is of closed form and the other is a power series 
with improved convergence. Owing to the fact that the dominant terms give 
excellent approximation in the domain of validity, the value of the term 
given by the power series is usually of inferior order. For practical 
purposes when high accuracy is not desired, the amount of labor involved 
can be greatly reduced. 

As was pointed out in reference 8, the summed part can be identified 
as the "speed distortion" in the subsonic region; in the supersonic 
region where the differential equation changes its type, it can be inter- 
preted as a "standing wave," depending only on the two characteristic 
parameters. In this case both these simple solutions are known to be 
inaccurate, especially in the neighborhood of sonic speed. For full 
discussions, see reference 8. 

It must be added that in the case of the derivatives of the hyper- 
geometric functions the dominant terns cannot give as good an approxi- 
mation, as can be seen by comparing f^^CO with g(-*-)(r) in table 1. 

For this reason, the coordinate functions which involve the hypergeo- 
metric functions as well as their derivatives have more Important cor- 
rection terms and hence require the use of many more terms for the actual 
computations. 
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II - CONSTHJCTEON OF A SOLUTION IN HODOGPAFH PLANE) 
Transformed Differential Equations and Their Particular Solutions 


Let u and v be the velocity components of a two-dimensional flow, 
parallel respectively to the x— and the y— axis of a Cartesian system. In 
the case of steady, irrotational, and isentropic motion of an inviscid, 
nonconducting, and compressible fluid, the Eulerian equations can be inte- 
grated to give the pressure p, the density p, or the sonic speed c 
in terms of the flow speed q: 



vhere p Q , p Q , and c Q denote respectively the values of p, p, and c 

at the stagnation point, and y is the ratio of the specific heats of 
the gas. Furthermore, because of the kinematic conditions, there exist a 
velocity potential <p and stream function \|r defined by 


u = q> x 
V =<Py. 


P u ~ “Po+y 
P v = Po+x 



where the subscripts indicate the partial derivatives. 
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By vise of equations ( 4 ) and (5), the partial derivatives in the 
expressions for dcp and cbjr can be eliminated so that dqp and d* 
can be expressed linearly in terms of dx and < 3 y or dx and dy can 
be expressed linearly in terms of dcp and d*. Furthermore, if the 


Jacobian function 



is finite and nonvanishing, the correspondence 


between the physical xy- and the hodograph ub— plane is 1 to 1 . Under 
this condition, by regarding u and v as independent variables, the 
relations connecting the differentials yield the following equalities: 


Xg = i f cos 0<p e - sin 


-if 


Po 


ye = 7 l sin 0cpe + y cos 0*0 


) 


( 6 ) 

( 7 ) 


and 


^ = t(' 


-*(■ 


0 9<1 -^sin 0* q j 

(8) 

0<Pq + ^ cos J 

( 9 ) 


where 0 is the inclination of the velocity vector to the x— axis and 
accordingly 


* 

u = q cos 0 
v = q sin 0 


Finally, the condition of integrability demands that 



/ 



<P0 



( 10 ) 

(ID 


where M = q/c is the local Mach number. These fundamental systems 
permit the complete determination of the functions <p and *. For 
by eliminating, say, <p(q,0), the resultant equation for t(q,0) is 
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ft*. »), + w (l ' *>*"> ’ 0 (12) 


If ^(q.,0) is known, <p(q,0) is determined uniquely, aside from a 
constant determined by equations (10) and (11). 

The particular integrals of equation (12) are of the form: 


* = *v(q)e ive 

where v is a positive real number and the function i|r v (q) satisfies 


dq\p dq / pq v ' v 


(13) 


If the substitutions, according to Chaplygin, 


and 


* v (q) = ^ v f v (t) 


T ■ 



with, p 

7 - 1 


(14) 


are made, equation (13) reduces to a familiar hypergeometric equation 
and Fv(t) bee canes one of the following integrals: 


F(a v ,b v ;c v ;T) I 

2v 

q F(l + a v — c v , 1 + b v — c v ; 2 — c v ; t) 
when v differs from an integer; or 


(15) 


F(a n ,b n ;c n ;r) 

q _2n [Cn Tn F(aii,bn;c n ; T ) log 0 r + C n t\ + P^j 


(16) 



when v is a positive integer 
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The hypergeometric equation thus possesses two distinct families of fundamental 
solutions according to whether v differs from or is equal to an integer. The second 



MCA TN No. 1445 


11 


integral defined, "by -expression (l6) was -found most appropriate for these 
particular parameters and b n . The reason for subtracting 

C n[^^n) ~ *Ccij] I, ( a n^ n 3c n jT) from the second integral defined in 

reference 8 .is to neutralize the contribution of the first integral and 
the discontinuities carried by ♦ C b n)* as b n is negative. 

In the following discussions, the two fundamental solutions of 
equation (13) will be denoted by q v F v (t ) and cT v F,_ v (t) when v is 
not an integer and by q ri F n ( t) and q _ nF_ n (r) when v is an integer, 
where F_ n (r) is defined by the expression within the bracket in 

expression (l6). The normalization has been chosen for a continuous passage 
of a compressible to an incompressible flow. The most important property 
of F_ n (x ) from expression (l6) is that when n = 1 


F_ x (t ) ,= .l 

For this parameter the first integral reduces to 


( 22 ) 


F x (t) « F(l,— P;2 ;t ) 


(P + 1)t 


1 - (1 - T ) P+1 


(23) 


The particular integrals of equation (12) are then given by 


<1 Vf v( t )[.s3v® 



when v is not an integer and by 


(24) 



^-n ( T >[sg* 


(25) 


when v .is an integer n. In addition to -these solutions, there are 
two other integrals, each of which is a function of only one variable. 
On assuming + = +(q) or t(0), equation (.12) yields 

J ( 1 _ T )P .'iL 


0 and 


(26) 
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Since the particular integrals of \|r(c,0) are known, those of 
<p(q,0) are shown to he (see appendix A) 



(1- T)-» 9 V F v (T)lv< T )[|o3 Ve 

(i-T)-e q -VF_ v ( T :s v (T)j c ^Jve 



when v is not an integer and 


(1- T)^ q %(T)l n (T)jslnj„e 

(i-T)-V n F ql (T)i_ n (T)[^“| J1 e 


(27) 


(28) 


when v is an integer n. Here the functions | v (t) and £_ n ( T ) 
for any positive value of v are defined hy 


V| v (t) = 2r L. l 0 g e t V / 2 F v (t) 


I^(t) = 2t A. log e t” V / 2 F_^(t) 


(29) 


-v' 


The following expressions corresponding to expression (26) are similarly 
found: 


(X - T)-P 



t) 


-(3 dT 

T 


and 6 


(30) 


Hydrodynamic Functions of Incompressible Flows 

By following the procedure adopted in reference 8, the analysis 
starts with the functions required in defining an irrotational incompressible 
flow. In the case of an incompressible fluid for which the sonic speed is 
infinite, the equations satisfied by the velocity potential <p and the 
stream function \|r become harmonic. If W Q (z 0 ) is the complex potential, 
it can be shown that 
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W o( 2 o) = ^(* 0 ^ 0 ) + ^o^o^o) z o = x o + ^o (31) 

In a simply connected domain, the functions <p Q and are single- 

valued and continuous; <p 0 can he many-valued only -when the flow is 
now free from circulation f 0 . 

If w denotes the complex velocity u — iv, it connects with 

w 0 ( z 0 ) *y 

v = «l£U^ $v( 

dz 0 

V C , 

This establishes the relation between the physical and the hodograph 
plane. The inverse transformation 


z o = z 0 ( w ) (33) 

exists, provided that w’(z 0 ) £ 0. This function plays an important role 
in the present scheme of solution and will be known as the transition 
function. In general, as it is an inverse function, it is not single- 
valued, as discussed in reference 8. By introducing this relation into 
equation ( 31) , the complex potential in the hodograph plane is 

w o( v ) • = < P 0 ( U * T ) + (3*0 

In case the solution of equation (32) is many— valued, W Q (w) will 

represent only one branch of its many solutions. When the flow is not 
free from circulation, the function w(z Q ) will contain r Q as a 

parameter. This extra term generally makes the transition function 
z 0 (w) more complex than it would be if r 0 vanishes. In practice, the 

complication can be reduced to a certain extent by a linear superposition 
of the two effects such that the transition function becomes 


z 0 = z o(°)(v) + ^2z 0 ( 1 )(w) 

kit 


(35) 


This simplification can be justified as long as the circulation is weak 
so that terms of higher order may be neglected. With the transition 
function so defined, the complex potential m 2 y be, similarly. 
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Here z 0 (°)(v) and W Q (°)(w) are respectively the transition function 
and complex potential for zero circulation; z Q (*)(v) .and W 0 (^)(w), 
which represent the effect of circulation, are Imown when W Q (w) is 
given. It can he shown that generally W 0 (^)(w) can he represented hy 
vortices and doublets at the singularities of z 0 (w) . To this order of 
approximation, it is easy to see that the circulation T 0 is correctly 
defined. 

Conversely, when W 0 (w) is given, z Q (w) can he obtained by 
integration: 

z 0 (w) = J* W 0 ’(w) ^ + Constant (37) 

which, in fact, is equivalent to equation (32). 

Construction of a Symmetric Solution about the Origin 

From the considerations of reference 8, if the flow about a 
symmetric body placed at the origin of the xy— plane is mapped onto the 
holograph plane, the whole left— half plane, exterior to the body, will 
correspond to a region in the holograph plane, of which the point 
w = U, XJ being the modulus of w at infinity of the z Q — plane, is 
a singularity. Then the domain within the circle |w| = U is single- 
valued and regular. If the complex potential W 0 (w) is associated with 
a definite flow in the z 0 — plane, it must be analytic and regular within 
|w| = U. Consequently, it has the Taylor expansion: 

CO 

W 0 (w)=-^A n w 11 |w| < U (38) 

0 

where the coefficients are, in general, complex. If the body 

is symmetrical with respect to both coordinate axes, then the coefficients 
axe real. Separating into real and imaginary parts yields, according to 
equation (34), 


♦ A^ 11 sin n0 

2 


(39) 


q < 1 


<P o (q> 0 ) = - AnO 11 C0B n® 


0 


(40) 
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where w = qe — i0 and - 0 because w r (z 0 ) ^ 0 at w = 0. Frcm 
now cm, z Q , w, p, and p are noimalized in teims of a, U, p Q , and 

Po, respectively,. Then q = 1 at infinity, and p and ,p will he 
unity at w = 0. 

According to Chaplygin’s procedure, the corresponding solutions 
for the compressible fluid can be obtained by simply replacing the 

function q n in equations (39) and (40) by <^F n ^ T ) (t ) and 

(l - r ) I respectively, as shown by expressions (25) and (28). 

The second integrals are excluded by the condition of regularity at 
q = 0. Thus the following equations are obtained: 


>(q,0) =^_ A n q n T’ n v r l(T) sin n0 
2 

q< 1 

00 

q>(q,6) = - (1 - rT*y A n q I1 F I1 ( r )(T)l I1 (T ) cos n 6 + Constant 

2 


(41) 

(42) 


where 


F (r)( T ) „ 5l<lL , F( . V .-n ; ln»lL. 

n F n( T l) 


(43) 


It is seen that if 
F n^( T ) ** 1 ‘ T 11 " 8 


that is, t 2^ corresponds to the free-etream velocity 

c Q oo, then both t and tend to zero and 

, the solutions are reduced to the incompressible form. 


U. 


Furthermore, if q 1, the character of the solution is exactly like 
that of the incompressible solution. Hence all the specified conditions 
are satisfied. It must be remembered that these conditions are valid only 
for subsonic flows, and for this reason rp is restricted to the subsonic 


region. 


The series (equation (41)) constructed, in this manner is actually 
convergent and represents the function i}r(q,0) within the circle of 
convergence q = 1 (reference 8). 


•Analytic Continuation of Solution (Branch Point of Order 1) 

In this section, it is proposed to continue the solutions ^ and cp, 
represented respectively by equations (41) and (42), analytically outside 
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the domain |w| <1. The domain outside |w| < 1 is generally many- 
valued. In order to be precise, let it be a branch point of order 1. 
Generally, the function W Q (w) has other singularities in addition to 

the one at w = 1. However, such singularities lie outside the domain 
of interest and thus need not be investigated. Let the nearest singularity 
be given by w = V > 1. Then, the domain to be considered outside 
|w| = 1 is an annulus with a cut joining the two singularities. The 
proper representation of W Q (w) in such a region which has a branch 
point of order 1 at w = 1 is 


_ 1 

W Q (w) = iw 2 W 0 *(w) (44) 


where W Q *(w) is single— valued and regular within the open annulus 

1 < |w| < Y. Hence, in any closed domain l+5<|w|<V — B,5 being 
a positive value, there exists a uniformly and absolutely convergent 
series: 

3 

W 0 *(v) = Z + c n #1 * r ~ n ) 0*5) 

which, on substituting in equation (44), will give the continuation of the 
Taylor series (equation (38)). This is 

W Q (w) = l7| B p w v + C^w~ v ^ 1 < | w | < V (46) 

where the constants ^ and C n are real because of symmetry of the 
body and v = n + -^, n being a positive integer. 

In order to continue the solution of t(q,0) outside the circle 
q = 1, two alternatives are encountered. Suppose, first, that the 
character of the singularities of ^ o (q,0) defined by equation (39) is 
unmodified by the hypergeometric functions. Then the solution for the 
compressible fluid, valid in the annulus 1 < |w| < V, can be obtained 
by introducing the proper hypergeometric functions corresponding to the 
parameter v. The continued solution would be 

t(q,0) = [B n q v F v ( r )(x) + C n q _v F_ v ( r )(r) j cos v0 1 < q< V (47) 


where 
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» v W(r, . M± 

f v ( t i) 

»>»(T) -SsftL 

F _ v ( T l) 


m 


Here F ( T ) and q are respectively the first and second 

•V (V 

integrals of the hyperge (metric equation; Bn and C n are constants. 
It may be added that the coefficients Bn and C n are not the same as 

those. in equation (46) for the incompressible flow but should be 
determined by the conditions of continuity. 


Since the partial differential equation considered here is of the 
second order, in order to ensure that ^^(<1*0) is the analytic 

continuation of ^ n (q,9), two conditions must be satisfied at the 

boundary of the respective regions of convergence, that is, the circle 
q = 1. The two conditions are as follows: 


W 4 ' 0) = W 4 * 0 ) 

q=l 


(49) 


^in(^ 0 )| q=1 =^outU,0)[ <1=1 (50) 

It should be noted that the condition (equation (49)) in this particular 
case is identical with |g^ in (q, 0 ) = |^\|f out (q, 0 ) and that the 

values taken on the circle of convergence are the limiting values if such 
limit exists in each case^ These conditions would be sufficient to 
determine both Bn and C n . However, the solution constructed by this 

method suffers serious distortion because, even though the values, 
say, ijr and f 0 , agree on the circle q = 1, the tangent of ^ = Constant 
on q = 1 deviates from that of \|r 0 = Constant. This, of course, will 
affect the character of the function toCl* 0 )' W Q (v) iB defined- by 

equation ( 38 ), the question arises as to the singularity after the coeffi- 
cients are multiplied by the proper hypergeometric functions. The exact 
answer to this question has not been attempted, but a rough estimation 
given under theorem 1 seems sufficient for the present discussion. 

Theorem 1 .— A given Taylor expansion such as equation ( 38 ), which 
has a singularity at w = 1 , is modified by multiplying its coefficients 
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Here it has been tacitly assumed that the limits, as q. -* 1, exist and = 0 in order to 
ensure the conditions cbc = dy = 0 at q. = 0, and in addition 
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^ = * l n (Tl) - |_ n (rl) ["^ (T1) . n| - n(Tl) ] ^ 

^S_nC T l) - ”l_ n ( T l) ] Cm} - 2<®ol^( T l) 


(54) 


^ 1 
tf) n =i 


E 


hI^Cti) - n| n (n) 


* \ 0 

V > - s «V n (n) 




“Op - n{ n (T l> 


(55) 


where the determinant n(£ n - |_ n ) ^ 0. It is observed that, as 


r '- *Nrf 

Tj -* 0, P n -» 0 and A n -* A n . Consequently, Chaplygin's condition is 
again satisfied. Furthermore, 1^ = 0 also for 7 = —1. In that 

event, the compressible and incompressible flows will have the same 
singularities. 


The solution is formal. In order to prove that the function ^(q,0) 
represented by equations ( 4 l) and ( 51 ) is regular in the respective 
domains of validity, the truth of the following theorem must first be 
demonstrated. 


Theorem 2 .- If the constants A n and are defined by equations ( 54 ) 

and- ( 55 ) j respectively, and if the series (equations ( 38 ) and (46)) 
converge uniformly and absolutely in the danains specified, the series 
(equation (4l)) with coefficients A n and equation ( 51 ). are uniformly 
and absolutely convergent in the corresponding domains (appendix E). 


With ty(q,0) so determined, the velocity potential, as given in the 
section entitled "Transformed Differential Equations and. Their Particular 
Solutions," is 


cp(q,e) = -(1 - T r*Z A n q"F n (r)( T ) cos n0 + Constant ( 56 ) 

2 


and 
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This assumption is Justified only by the fact that r o is small and the corresponding 
q>^^(q,0) yields a correct circulation. In the case of a symmetrical body, was 
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Here the constants Aj^), Bj^^, C n ^), and characterize the 

strength of the vortices and doublets and are determined by the conditions 
of continuity at q. = 1. Generally P(q,0) is a polynomial and is 

introduced to add to a mixed symmetry. The number of terms 

required is, from cause to effect, unknown and may be different for 
different bodies. In the present case, only one term is taken for 
simplicity. On assuming that every series converges uniformly and- 
absolutely in the respective domain of validity and tends to a definite 
limit as q 1, the conditions of continuity at q = 1 are 


j^An^F^-i-i) + Cn^ILj^Ti) cos n0 = -Aq 


n + C n ( 1 )F_ n (Ti)|_ n (ri) 


.( 1 ) 

0 < 6 < 2n 

cos n0 = 0 


and 


[B n (l) F n ( T l) -D n (l) F_ n (Tl) 


cos n0 = 0 


0 < 0 < 2n 


II n _ dJDf^T!)!^!) j cos n0 = -^ 0 (l) (l -t x )P 


By the uniqueness theorem of expansion, since 


y~ cos n0=— -i 0 < 0 < 2n 
1 d 


it follows that 


A 11 ( 1 )F n (Tl) + C n (l)F_ n (ri) = 2AQC1) 
A n ^ 1 )F n ( T 1 )l n ( T l) + C n ( 1 )F_ n (T 1 )|_ n (T 1 ) = o 


and 
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B n (1>F n( T l) “ D n (1)F -n( T l) = 0 


B n ( 1 )F n (T 1 )| n (xi) - = | (1 - ti) P B 0 (1) 


The solutions are, respectively: 

A n (l) s ' T l)“^Hj( T l)*-n( T l> 

C n (1) » Ao (l) (l - riThnFiM'i) 

Bn (i) = b 0 u) *=s££ ■ 

n 

r 

D (1) . B <« Mli> 
n ° n 

From theorem 2, it can easily "be shown that ^^(<l,0) so 
as assumed, uniformly and absolutely convergent in any closed domain in 

q < 1 and 1 < q< V and that ^(-^(q,©) = 0 when q = 0. Furthermore, 

the arbitrary constants A 0 (!), B 0 ( 2 ), and CqC 1 ) are to be determined 

by the auxiliary conditions. In the first place, the condition that 
dx = dy = o at q=0 demands that 

-A^ 1 ) + B^ 1 ) = 0 

which leads, because of expression (22), to 

A^ 1 ) = (1 - ti)% 0 ( 1 ) - (69) 

In case there is no stagnation point, such as in the case of a body with 
a sharp trailing edge, this condition is again to be satisfied in order 
to avoid the multiplicities in x and y. The remaining two constants, 
namely, B 0 (l) and C D (1), will be determined by the condition of 
symmetry and will be discussed under Determination of Integration Constants. 


( 67 ) 


(68) 


defined is. 
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Similarly, the function <p(q,0) is 


cp(<l,e) = <p( o) (q,0) + ^^(q,©) 

4n 


(70) 


Here the function <p(°)(q,0) is given hy equations (56) and (57), and 
<p^(q*0) , for q < 1, is 


<p(D(q,e) . (1 - T)-e 


t) sin n0 + Q(q,0) 

2 


+A 0 (71) 


and, for 1 < q < V, is 


<P (l) (q,e) = (1- r)-*\ Bo^ 1 ) iz I Bn (l) ^n( T )ln( T ) 




sin n0 + Q 


L - + 0) 


(72) 


vhere 


Q = -Co^ ) <l 2 F2( T )i2( T ) COB 20 

^( 1 ) = B 0 d) [ S^(tD + i] F^( T1 ) ♦ A„W(l - jOjT^n 

B^ 1 ) = (1 - Ti^fl - 

V n / F n ( Tl )Y n 

°» (1) * [^< T 1> + s]V T l) 

The velocity potential thus gives, "by definition, a circulation f: 


y (73) 


r = to d<p = r^B ( 


(1) 


( 74 ) 


where the integral is taken, in clockwise direction, about the branch 
point in two complete circuits. 



When a pair of functions if (q,e) and <p(q,0) are constructed in the hodograph plane 
the flow pattern to which they correspond in the physical plane cannot he given dlreotly 
hut further integration of two differential equations is required. This process, however, 
does not involve any difficulty owing to the fact that hoth dx and dy are total 
differentials and consequently reduces to partial Integration, In order to carry out the 


HACA TN No. 1445 


27 




Differentiating equations (75) and- (76) partially with respect to q and using equation (13) 
to eliminate the derivative higher than the first yields and y^. By comparing these tv 

expressions with those obtained directly from equations ( 8 ) and (9) it can be concluded that 
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In the case of circulatory flow corresponding to equations (63) and (70), the 
transition functions x(q,0) and y(q,0) can he written as 
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Here, since = 0 , the terms for n = 1 again contribute no diffi- 

culty. The constants of integration in equations (83) and (87) are left 
out because they can be incorporated in equations (75) and (77), 
respectively. 


Determination of Integration Constants 

. Consider first the case when the flow is symmetrical. The transition 
functions x(q,0) and y(q,0) for such a flow are given respectively by 
equations (75) and (76) for q < 1 and by equations (77) and (78) for 
1 < q < V, involving four arbitrary constants. Of these four constants, 
x Qut and y in can be chosen arbitrarily by translating the coordinate 

axes. Indeed, because of symmetry, it is preferable to choose 


x out (< 1 > 0 ) “ 0 for <1 = < 3 u 021,1 0=0 (89) 


and. 


yin (<1>0) = 0 for q = 0 


( 90 ) 


whence 


L out 


= C 1 ~ T u)~ P I 


% 


22 . ( T u) ^-hi( t u) 

^ 0 -^-„ (r) tT U )] + 5 C 


(91) 


yin - 0 


(92) 


where qy denotes the flow speed on the upper surface at the midsection of 
the body. Then x out depends on and tends to zero with Tq. 

The other two constants can now be determined by the condition of 
continuity at q = 1, namely. 


Xi n (l# 0 ) - x out(^ 0 ) 

(93) 

y in^* 0 ) = y O ut(^ 0 ) 

0 < 0 < 2n 

(9b) 
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Since both limits exist, the integration of the identities yields 

- u - nr* f 


*in 


2jt 


II v [s n l (t x ) + C n |_^( Tl ) 

0 L J 


1 + 1 


(v - l) 2 (v + l) 2 


+ H v(B n + C n ) - — - “—5 

0 (v - 1)^ (v + 1)^ 


y out - o 


> + x, 


out 


(95) 


(96) 


The fact that y ou t = 0 is the consequence of y(q,0) = — y(q,2* — 0); 
2xj_ n will be defined as the chord of the body. 

For the flow with circulation, according to the preceding section, 
there are six constants instead of four. Let those four arising from 
integration be considered first. Corresponding to equations (89) and (90) 
the following equations may be chosen: 


out 


(o) _ (1 ~ T U) 3 j 

9U 


00 r . 

II n 2 1 D n < hj’ HlF -n( T u) [ n ^-n( T u) + x j 


+ P o “ ^ p x(9u> 0 ^ f 


y out 


(1) = 


(97) 

(98) 


Then the condition of continuity at q = 1 gives 

II v^Bnl v (Ti) + Cn5_ v (Ti)j 

+ fl v(Ba + C n ) I - " 7 — 7TT 2 

0 [ (v - l) 2 (v + 1)^ 


(o) . (l -Tl)-P ' J 

2jt 


1 + 1 


(v - l ) 2 (v + l ) 2 

(99) 


> + *out (o) 


yin 


(1) = -B Jl) + 


ApOO 

Fi( T i )V 


(100) 
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In order to derive the second teim in equation (100), use has been made 

of the fact that F-^t) — ^F^i(t) = (1 - t)P, which is just the 

Wronskian of the particular integrals of the hypergecmetric equation 
for n = 1. 


The arbitrary constants B Q (-*-) and C 0 (-*-), on the other hand, 
are determined by an entirely different consideration. The fact that 
and are different from unity and zero, respectively, as 

they would be if tj_ tends to zero is due to the fact that the distortion 

produced by compressibility is nonuniform at the surfaces of the body. 

In order to correct this, defect completely, a more elaborate method 
would have been required. For the present simple investigation in which 
symmetry is not strictly satisfied even in the limiting case of zero 
Mach number, the condition of symmetry will be applied to only a few 
selected points. First, let it be required that 


^ut^' 0 ) " 0 


x out (<1 L' 2,t) = 0 


( 101 ) 


where q^ stands for the flow speed on the lower surface at the mid- 
section of the body. These two equations determine uniquely C 0 ^^, 
namely. 


6n ° egtqy) “ e 2 (<l L ) 


( 102 ) 


where 


5(<l) 


= U---_Tl~ p _ 


II ■■ -- -D n <l~ I ^-n( T ) + !) + S o 

1 Ti d — 1 


(103) 


e 2 (q) = (1 - T)-PqF 2 (r) [2I 2 (t) + l] 


(104) 


The value of C (^) becomes zero with rp for D n -+ 0 as -» 0, as 
defined in equation (55)- 

The maximum distortion with respect to the y-axis will occur at the 
midsection. If the required body is assumed to be symmetrical, that is. 



the circulation will he so adjusted that 


NACA TK Ho. 1445 


35 


s d ° 

+> o* <d 

•h o> a +> 

> G O £ 

ftjjt fc 8 

-P CD O 

O *P O © 

£ © *H 


©"■^ rH ^3 


© u 

CD -P 

© 

•H 

S 

o 

I 

£ 


«H Cm A 

o O ,Q w- p« 

© © * G O 

XX ft >h O 5 
-P © -P «H «P 
,2 -rj -P 

* (a q d © 
co q 3 ro 
pj © o< © 

.q o © X 

H -P -P w P> 



36 


-MCA.TN No. 1445 


III - IMPROVEMENT OE CONVERGENCE OF SOLUTION BY ASYMPTOTIC 
PROPERTIES OF EfPERGEOMETKEC FUNCTIONS 
Trans format ion of Stream Function ^(q,0) 


The stream function ^(q,0) for a flow which was derived, from 
with a branch point of order 1 has been given. The form of 
representation is not, in general, suitable for practical calculation. 

The difficulty is twofold: First, the series involves an infinite number 

of hypergecmetric functions which axe, in turn, defined as infinite 
series. The convergence of the hypergecmetric series in this particular 
instance decreases with increase of the parameter v. This means that the 
computation for the later terms of the series for ^(q,0) will be 
increasingly laborious. Second, the convergence of the power series 
defining the function *(q,0) is, as expected, very slow in the neighbor- 
hood of the circle of convergence. In order to render the method of any 
practical value, the task of transforming the series into a more rapidly 
convergent one is encountered. For this purpose the following procedure 
is adopted. 

The stream function * o (q,0) for the similar incompressible flow 
is (see section entitled "Construction of asymmetric Solution about the 
Origin") 

00 

* 0 (q>e) °’H M n 8in 110 q< i 

2 

which is absolutely and uniformly .convergent in any closed domain in 
q < 1. Then it can Justly be thought of as representing not merely a 
regular but a closed function. In doing this, of course, a large class 
of probl ems is automatically e limi nated and those cases are then 
considered in which simple representation of both cp o (q,0) and ^ o (q,0) 
exists. This is Justified only by the mounting difficulties faced in 
carrying out such a detailed investigation. 

It is thus observed that the difference between the stream functions 
t(q,6) and t o (q>0) lies only in the appearance, in the former, of the 

hypergecmetric functions. If, however, approximation is allowed, then, 
according to expression (223), first let F n (*r) be substituted by its 

asymptotic expression, namely. 



n > N (107) 
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where t(r) = Here the tern involving f^(-r) « 1. has been 

T(t!) 

neglected. Furthermore, as will be shown in equation (159), to. the- same 
order of approximation, the coefficient A n can.be written as 

An - A* + o(i) n > N ' (l08) 

By substituting the approximate values: in equation. (1*1) it can be shown 
that 


*(9*0) (109) 

f(T-l) 

That is, to this order of approximation the power series representing 

the stream function *(q,0) can be summed and is given by expression (109). 

As was shown in reference 8, the asymptotic representation is valid 
only when the parameter n is: large. Namely, during the summation of 
expression (109) the value neglected- becomes smaller as n increases and,, 
approaches zero as n tends: to infinity. This, concentration.of errors 
in the lower-order terms, makes- it especially easy to- apply, the correction 
if high accuracy is required. In doing this, the quantity given by 
expression (109) can be added and, at the same time., subtracted from 
*(9*0) • Then a simple manipulation shows, that 

♦(9*0) = *i(q,0) +*2(9*0) (110) 

where 

*l(9*0) = f(V ~ y) "*o(9 t *0) (HI) 


*2(9*0) = YL 0h( T )9 n s in n0- 9- < 1 (112) 

2 


with 


Gn(T) = F n (r)M n + 
= 




f^T^) 
tn iin... 


AF n (r) 


F n ( T i) ffriJT^Ti) 

£F n (r) = F n (r) -f(T )T n (r ) 


(113) 


( 114 ) 
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Here n is a positive integer. The stream function ty(q,0) is then 
represented "by the sum of two functions ti(q>0) and ty 2 (q,0). Of 

these, ^i(q,©) is of closed form, which differs from t o (q,0) only 
by a change of scale of q, and t2(<l> e ) is a difference of two absolutely 
and uniformly convergent series and hence is absolutely and uniformly 
convergent. In fact, according to expressions (107) and (108), (^(t ) 

is of order % n ( t)j the convergence of is therefore increased 

by l/n. This actually is the gist of the whole problem. 

In the annulus region 1 < q < ,V ; on the other hand, the stream 
function i|r o (q,0) is represented by 

* O (<1>0) = £ f B n^ + C n < f V ) cos v0 

0 \ ' 


and tha stream function t(q,0) of the compressible flow is 

*(q,6) = ^ 

• + i> 0 (* - 0) + 'jr D n <i~ n F_ n ( r) (T) sin n0 

1 

where B n and C n are assumed to be given by t o (q*0)> and F v ( r )(r) 

stands for the ratio of F v (t) to F v (ti). In this region, the hyper- 

geometric functions will be of mixed character. If the critical point 

t„ = — is not reached, they are of exponential type; beyond this 

0 2p + 1 ' 

point they will change over into oscillatory type. If t c lies in the 
range 1 < q < V, the singularity of the asymptotic expansions of the 
hypergeometric functions will certainly be found inside the domain in 
question. If this neighborhood is excluded and the hypergeometric functions 
are first substituted by their asymptotic forms given in expressions (223) 
and (224), it can similarly be shown, that, for ti < t < ——l— 

dp + 1 


Bn<l V F v (r) (T) + C n q" V F_ v (r) (r)] cos V0 


where 


*(q,0) = *i(q,0) + * 2 (q,0) + ^(q,©) 


^(q.e) » ^o(^ 0 ) 

ty 2 (q>®) = y + 0 xi^-v( T ) ( l j cos v© 


(115) 


0 


(116) 
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♦ 3 (q>0) = D c (n - 0) + jr *F-J T Ht) ain n0 (H7) 


and 


H V ( T ) = + h ^v( T ) 

f(ri)T (Ti) 

H_ v (t) = F_ v (t)AF_ v " :L (t 1 )+ AF_ v (t) 

f(Ti)r- v (Ti) 


> (H8) 


vith 


AF ■" 1 ( t 1 ) = — i 

V F v (ti) fCTxJTvCri) 


£B\;(t) = F v (t) - f(r)T (t) 


In equation (115) ti(<l.>0) again represents a closed function 
♦o(g.t,e), and ^2(q^ 0 )^ 811 absolutely and uniformly convergent series 

with improved convergence. The fact that ^(q^Q) is not summed is due 
•to the fact that D n is of inferior order as compared with A n . Even 
though Dn decreases as l/n, ^3(^,6) will require fewer terms than 
^2(9-'®) although its coefficients behave like n~ 3/2 (provided that 

the flow * o (x 0 ,y o ) is of the nature of a doublet). Here the functions 
Hy( t ) are so defined that the functions of Tj_ and 'those of t are 
separated so as to make possible the tabulation of £Fv( T ) and AF_ v (t). 


In the region < t < 1. 

e 20 + 1 

F_ v (t) are replaced respectively by 


on the other hand, F v (t) 


and 


h f ( t ) T V ( t ) cos (vio - -2) 

a ij. 

~ f(-r)T‘" V (T) cos (v<« + jp 

where f(-r), T(t), and cc(t) are given in table 1. The factor l/;2 

is introduced before the first expression for symmetry. By writing 
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( V CD - -J) 

' II 

roli H 

^cos vi 

(vo> + -J) 

1 

"" \[2 

^COS v| 


(119) 


with 

| = 9 + co 
T) = 0 — 0> 

the following expression, corresponding to equation (ill), is obtained 

*(< i,e) ~ —4^ — k>(M) + * 0 (M) + -9 0 (^0 <p 0 (M)1 

2 5/2 f(T1 ) l J 


where X is a constant defined by 

g(2j3) a A 


X = 


(1 + cO^pTi) 1 / 2 T(t x ) 


> 1 


( 120 ) 


as from eauation (228) qt = XU if < t < 1. The constant X 

2 p + 1 

then is a function of the free— stream Mach number and the characteristic 
constant of the gas but independent of the shape of the body. By 
eliminating the error introduced during summation, the stream function 
^r(q,6) in the supersonic range — — < t < 1 is 


where 

* x (<i,0) 


i|r(q,e) = %(q, 6 ) + ^ 2 (q.^) + * 3 ( 0 , 0 ) 


2^/ 2 * 0 (M) + *o(M) + <P 0 (^I) " <P 0 (M) 


-V 


* 2 ( 9 .,®) = jr \ BnH (r)q v + C n H_ v (r)q 

n L v / 


equation ( 118 ), except that AFv(t ) and £F_ v (t } are defined by 


■ 90 ( 1 , 11 ) 


(121) 

COS V0 


(122) 

and H_ v (t), 

by 
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( T ) = F ±V ( T ) - |f (t )T± V cos (vo> + 5 ) (123) 


Unlike the previous calculations, H v (r) in equation (122) is not 
of the order of 1/v, owing to the presence of l/2 in front of 

f(r)T v cos (vai - This, however, does not introduce a serious 
objection, as the series in which it appears now behaves like B n X v , which, 
according to equation (120) (>. > 1), converges more rapidly than B n q V 
in * 0 ( < l> e )‘ 

In the hyperbolic domain, moreover, the function *i(q)0) depends, 

aside from a factor f(T), . only on the two independent families of the 
characteristic parameters i and q defined by equation (119). .This 
result is most striking, as it shows that the main part of the solution 
satisfies the simple wave equation and thus clearly demonstrates its 
hyperbolic character. With both the incompressible stream function ^ 0 (q,©) 
and the incompressible velocity potential <p o (q,0) appearing in the 
solution, it is impossible to establish a simple relation between the 
incompressible streamlines and the compressible s'treamlines. Since such 
a simple relation is the foundation of the so-called speed correction 
formula for a quick estimation of velocity distribution in compressible flow 
from that of incompressible flow over the same body, this idea cannot be 
extended to supersonic regions. On the other hand, this also indicates 
that, although the differential equation for \|r(q,0) is hyperbolic in 
the supersonic range, it cannot be reduced to the single wave equation 
by a mere distortion of the speed scale as given by the function cs(t). 

For if this were the case, then 4'i(q,6) would constitute an exact solution 
without the additional ^(q,©) • This fact is all the more important as 
the additional ^(q^) n °t sma H in comparison with tp(q,0) for the 

mixed subsonic and supersonic flows, especially for the transitional 
region near the sonic velocity. However, in the case of pure supersonic 
flow, +2(<L»9) might be small; then tp(q,0) alone may be used as a 

satisfactory approximation. 


Transformation of Coordinate Functions x(q,0) and y(q,0) 

From equations (75) ejkL (76) it is seen that the coefficients of the 
series defining the coordinate functions x(q,0) and y(q,0) are of 
the same order of magnitude as those of the series for the stream function 
1 K < 1 j 0) (equation (4l)). By analogy with the preceding section the first- 
order terms in both x and y can be similarly summed. First, let 
them be written, for q < 1, as 




X 



If the hypergeometric functions are substituted by the dominant term of their asymptotic 
expansions and the coefficients are approximated by then x(q,0) and y(q,0) reduce to 
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In order to eliminate the error introduced, equations (124) and (125) can similarly "be 
written as 
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where G n (-r) is defined by equation (113)> and - G n,l( T ) is 8 iven ty 
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1 )F n ( T l) f( T l)T n ( T l) 


From expressions (230) and (108), .G^jCO is also of the order ^t . Thus, the speed 
of convergence of x-^q.,©) and y2(<lj0) is the same as that of However, because of 

the character of g( »(T) as given in table 1 the second series in X2(q.*©) and- asld - e 
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x(a,d) = + x 2 (q,0) + x,(q,e) (1^7) 
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$(<1,0) = |x(X',t) + X(X,tj) + - 0) J cos (n° + j) + |®(M) 

— a(X,ri)l sin (\i° + (152) 
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Again X2(q,9) and y 2 (q,©) are defined by equations (144) and (145), . 
but the differences of the hyperge (metric functions involved in H ±v ( r ) 
and %,,l( T ) are now 

^J'j.'v(t) = F^ v (t) — )■ T^ v cos ^v <0 + 1^^ 


af±v,i( T > - F ±v ,iM - T ±v 003 (» + a) 

-s- 

Improvement of Convergence of A^ and 

As seen from part I-I, as soon as the function ^ o (q,0) is specified, 

the coefficients of the inside and outside series can be chosen so as to 
make the conditions of continuity sufficient for the sets of unknown 
constants, for example, and D n , to be determined. Inasmuch as the 

conditions are applied at the circle of convergence, it is generally very 
tedious to evaluate A n and ^ from the slowly convergent series 
(equations (54) and (55)) when Bn and C n are given. In order to bring 
these expressions to manageable forms, the following procedure can be 
used. 


2(3 + 1 


< T < 1 


x in 


By considering the function ^ o (q,0) the following identities 
(appendix F) for n > 1 can be deduced without difficulty 


^ - Z £ (»m + 

(153) 

nA n = \ XI u(Bm — CmJlnjj 

(154) 


(155) 


Furthermore, the sum on the right-hand side of the second expression of 
equation (52) can be written as 
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IV - APPLICATION TO CASE OF ELLIPTIC CYUNDEB 
The Functions z Q (w), W Q (w), and A(w) 

. An irrotational flow of an incompressible fluid about an elliptic 
cylinder with a circulation r o is represented by the complex potential 

W 0 (z 0 ) • 

W 0 (z 0 ) = £ + 7 + lo Se £ with z 0 = t, + *- (164) 

£ 2lt £ 


where the flow at infinity is assumed to be parallel to the major axis 
of the cylinder. Here all the quantities have been rendered dimensionless 
by normalizing £ by a length a and W 0 (z 0 ), by Ua. Then the major 
and minor axes are, respectively, 1 + e 2 and 1 — e 2 , where c 2 < 1. 


By differentiating equation (l64) with respect to z Q , 
less complex velocity of the flow is obtained, namely. 


w 


2tt b 
? 2 - 


the dimens ion- 


the inverse solution of which is 

£o + [ 4(1 — w)(l — €^w) 

2 « L 


2(1 - w) 




tt 


(165) 


This function is two-valued with two simple branch points at w = 1 + 

and w = € “ 2 + o(r Q 2 ), namely, V = e -2 + O^T^ 2 ^. (See section entitled 
"Analytic Continuation of Solution (Branch Point of Order 1).") The principal 
value may be defined by the convention that — n < arg (l — w) < « 
and 1< |w| < € 2 with a cut Joining the two branch points. With the 
principal value so chosen, the domain wherein the real part of z 0 is 
less than or equal to 0, excluding the interior of the body, corresponds 
uniquely to the hodograph given by W(z Q ) or, conversely, on account of 
symmetry, the domain wherein the real part of z Q is greater than or 
equal to 0 will correspond to the second branch of the function £ (w) . 


By substituting £(w) in equations (165) and (164), an expansion 

p 

regarding 4 as a small parameter gives in accordance with equations (35) 

‘4IT n 

and (36), provided that |— << 1 , 
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(TT)"'-'(rS)“ 


W 0 ^( w ) = - 




= -if ~ 


1 - w 1 - e 


W^^Cw) = -i -—-- + logg (1 - w) -' •--••*•- - logg (1 - e 2 w) 
\ • 1 - w 1 - eSr 

\ - 2ni] 


( 1 66 ) 


(167) 


( 168 ) 


(169) 


The -functions z Q ^°^ (w) and W 0 ^°^(w) are the transition function and 
the complex potential, respectively, for zero circulation (compare 

reference 1); and Zq( 1 ^(w) and W 0 ^)(w) represent the firs 1>-order 
contributions , due to circulation, to z 0 (w) and W Q (w), respectively. 
On separating into real and imaginary parts, it was found that from 

z 0 i (°)(w) and W 0 ^°^( w) there result 


x o (°)(<i,0) = - ± < [l(q,9) + J(q,6)] l/2 + e 2 [l e + J \q,e)] l/2 j (170) 

:y 0 (o) (q,e) = ^ i [- i(q,0) + J(q,e)] l/2 - * 2 [-i 6 + J _1 (q,0)] l/2 j (m) 


%<°)( q./0) = - ^ I [l(q,0) + J(q,0)] ^ 2 + [l 6 + X / 2 ' (172) 

t o (o) (q,0) = < [- l(q,0) + Jfq,©)] 1 / 2 - [- I e (q,S) + J _1 (q,0)] ly/2 | (173 ) 


wnere 


1 (q>0 ) = 


1 - (1 + c 2 )q cos 0 jy_€_q^ 

o 

1 — 2q cos 0 + qr- 


(174) 
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K 6 U,e) « Ju - 2^q. 008 0 + e\ 2 )V2 + ! 

— e 2 q cos 0 ] 1 / 2 (185) 

£(q,e) = [(i-2q cos 0 + q 2) l/2 — 1 + q cos e] 1 / 2 (186) 

fi! € (q,0) = j^l - 2« 2 q cos 0 + c^q 2 ) 1 ^ 2 - 1 + € 2 q cos J] 1 ^ 2 (187) 

Expansions of W Q (v) and z 0 (w) 

As the domain considered is complex and has two singularities at 
w o l and w = e“ 2 the function W Q ( °)(v) defined by equation (167) is 
single— valued and continuous in |v| < 1 but is discontinuous across the 
cut in 1 < |v| < e -2 . The expansions, as shown in reference 8, are 


00 

W 0 (°)(v) = - ^ 


w < 1 


(188) 


and 


-2 


W 0 (°)(w) = iJZ (®n wV + C n w v ) 1 < i w | < € 

0 

where the coefficients are all real and are defined by 

Aj, = 2S n < i ) - (1 + e 2 )S n _ 1 ( i ) n > 1 


A q = 2S 0 ( i ) = 2 


with 


and 


Aj_ .= 0 


J n 


(i) 


1 's' r ^ n - m + ?) r (p + g) 2m 
n 0 r(n - m + l)f(m + 1) 


B n = [ 2€ ^n+l (o) - U + « 2 )S n (o) ] ^ 


(189) 


(190) 


(19D 


(192) 
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(Bn4 V + c n ( T V ) cos V0 1< q < € 2 

0 

Similarly, from W Q (l)(w), the result is 

00 

<P o ^U*0) = - y~ A n ^)q“ sin n0 - 2 n 
2 


q< 1 


^ Q ( 1 )(q,0) = — y A n ^-*-)q n cos n0 

2 


( 200 ) 


( 201 ) 

( 202 ) 


where the coefficient Aj^^ is given hy 


V 1 ' - (1 - $(1 - 


. 2n 


(203) 


and 


00 r 

«P 0 ^ 1 Hq.,e) = ^ [B n ( 1 )q n - Cn^Jq"* 1 ] sin n0 — (« + 0) (204) 


00 

*o (l) (l> e ) =2Z [Bn (l) a n + C n (l) q“ n ] cos n0 - l 0ge q + 1 


(205) 


where 


Bj^ 1 ^ = (l - A 20 


n 


(206) 


C n (l) - 1 + " 
AA n 


(207) 


The expansion of z Q (w) can he carried out in like manner, hut it 
was found simpler to deduce it directly from equation (37)* Then, 
corresponding to W Q ^°^(w) defined hy equations (188) and (189), 
z (°)(w) is 


2o (o)(w) = - 21 -i^V 1 - U + e 2 ) I w| < 1 

* ^ — n — f 1 * 


“An 


n — 1 


(208) 
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l 



,(o) (q ,fl) = _ y~ Sin (v - 1)0 - sin (v + 1)0 (214) 
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By taking e 


— and Mi 
2 x 


0.60, Mj_ being the free— stream Mach 


number, the compressible flow without circulation is shown in figures 2 
and 3 i n both the r,0— and the x,y— planes. The flow is everywhere 
continuous and the highest Mach number attained at the central section 
is 1.24. The profile calculated in this case is symmetrical but is far 
different from the ellipse from which it was derived. The thickness 
ratio is 1:2 as compared with 3 of the original elliptic section. The 
lateral distortion thus is much more pronounced than that suffered by the 
longitudinal dimension. The characteristic feature in the case of 
transonic flows is that the central portion of the derived body where the 
flow is supersonic is always flat in comparison with the original body. 


In order to exhibit the ccmpressiblity effect, the corresponding 
problem of the incompressible flow over the same body must be solved. 
Technically, this does not offer any difficulty. However, in order to 
simplify the numerical work, an incompressible flow resulting from a 
superposition of a parallel flow on a source— sink combination has been 
considered. It gives rise to a body which, by adjusting the strength of 
and the distance between the source and sink, approximates closely the 
given body with an error of about 2 or 3 percent. (Compare fig. 3.) 

The pressure distributions over the same body for both compressible and 
incompressible fluids are compared in figure 4. The results calculated 
according to the Von Kannan-Tsien and the Glauert-Prandtl formulas are 
also given. 

The wide disagreement between the exact and approximate curves 
serves as a proof that in the case of transonic flows the thickness 
effect of the body is no longer secondary and cannot be ignored entirely, 
as is done in both approximate formulas. The immediate cause for these 
discrepancies seems to be the fact that the point of equal pressure on 
the surface of the body in the case of compressible and incompressible 
fluids does not correspond with that of the free— stream pressure. This 
jdeviation has, in fact, been observed even in the case of subsonic flow 
about a Joukowski airfoil of thickness ratio 0.1 5 (reference 9)- The 
/reason is that the flow of a compressible flxiid over a body is partly 
compressive and partly expansive. By increasing the free— stream Mach 
number, the speed of the flow in the neighborhood of the stagnation 
point tends to decrease and the speed far away from the stagnation point, 
that is, in the supersonic region, to increase. The hodograph 
corresponding to the zero streamline then becomes longer and flatter 
as the free— stream Mach number increases. Consequently, the point of 
intersection of the compressible and incompressible hodographs will 
shift toward the small inclination of the velocity vector, that is, 
away from the stagnation point. This effect will be more pronounced 
for larger thickness ratio as well as Mach number. 

The general applicability of the Von Harman— Tsien formula has been 
questioned and examined by Tsien and A. Fejer (reference 10) from 
purely geometric considerations, and the limitations therein raised seem 
to be further substantiated by the present result. The question, 
however, remains to be answered as to whether critical conditions for 
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the validity of the Von Kaman-Tsien theory could he given in tenos of 
the thickness ratio and Mach number. From the practical point of view 
establishment of such conditions would constitute a result of major 
importance. 

For the case of circulatory flow, is taken to be 0.05. Here, 

for simplicity's sake, A^ 1 ) = 1 and B 0 ^ = (l — by equation ( 69 ), 

so that the circulation of the compressible flow is (1 — T i)~^r o , 

according to equation (74). The constant could have been determined 

by successive approximations, but in this particvxlar case it is small 
enough to be neglected. The calculated flow pattern is shown in figures 5 
and 6 for both planes.. The body, as expected, is unsymmetrical with a 
negative camber of about 2 percent. The highest Mach number reached 
at the upper surface is 1.33 and. that at the lower surface is 1 . 15 . 

The lift coefficient is O .65 corresponding to an angle of attack 
at zero lift of about 2.2°. For ccmparsion with the case of incompressible 
flow, the problem is simplified by considering the incompressible flow 
over the body resulting from the superposition of a small negative camber 
on a geometrically similar ellipse of thickness ratio 1 : 2 . The estimated 
lift coefficient of such a system is approximately 0.45. The ratio of 
the two coefficients thus is nearly 1 . 5 ,- which is much higher than the 
value of I .25 given by the Glauert-Prandtl foimula for the present case. 
Actually, if the oval shape is considered, the incompressible value of 
the lift coefficient would have been lower than that obtained, owing to 
the fact that the central flat portion reduces the speed of the flow and 
hence leads to a higher pressure. Thus, the ratio of about 1.5 should 
be regarded as a lower limit. 

Guggenheim Aeronautical Laboratory 

California Institute of Technology 

Pasadina, Calif., September 5 j 19^6 
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APPENDIX A 


PARTICULAR INTEGRALS OF q>(q,e) 

Consider the total differential dip which from equations (10) 
and (11) is 


d<P = - ~ (1 - M 2 ) dq. + -j q* q de 


If the particular integrals of . are given by the first group of 
expression (24), then 

~\ 


dcp = _ V— (1 - M 2 ) ¥*> <| 

p a 1 


- sin V6> 
cos V0 


dq 


+ ^ q ± 

p dq L 


q v F v (r) 


U 


cos ve 
sin ve 


S de 


From equation (13) ^ (q) can be eliminated as follows: 


'dq) = 


dq 


de 


o^V 


F V ( T )^v( T ) 



r ^ 


sin ve l 


— cos ve [ 

- 

l J 


-£q V F v (T ) £ v (t) 

U 

sin V6 
1 — cos ve f 

_ P 


L ■ J 


dq 


V de 


The integration therefore gives 


<P = % V ^(t)| v (t) 


sin ve 
v vt/^ v vt; i _ cos ve 


+ Constant 


( 220 ) 


Similarly, the following equation corresponding to the second group of 
expression (24) is obtained: 


9 = (t )!_v (t ) ^ _ cos ve 1 ” + Con8tant 

P 


J 


( 221 ) 
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APPENDIX B 
PEOOF OF THEOREM 1 


Consider a small neighborhood of q = 0 vhere the hypergeometric 
functions can be accurately represented by 


F_(t) = f ( t )T n (r ) |l + 

11 n 


If the complex potential for the similar incompressible flow is 


W 0 (v) - - II 

0 


|w| < 1 


let W(w,t) be a new complex potential such that the stream function 
for the compressible flow is given by 

♦(4,0) = [ W ( V > T )] 


Then W(w,t) must be of the form 
W( 


w, T ) = - ^EI A n( tw ) n + [ ~ f ^( T l)] ~(4w) n 


> I w | < 1 


But it is easily seen that 


*»>” = 

2 n 



[W 0 (v) + Ao] 


dw 

w 


Therefore, W(w,t) can be represented by two closed functions 


W(v,t) = 


f(T) 

f(Tp) 


Wo(wt) + [f^^x) - f^^Ti )jJ [w o (v) + A 0 J ^ > 


( 222 ) 


The function represented by the integral, when continued, will give rise 
to a term logg tw. No longer is w = 0 a regular point j the singularity 

must be either at w = 1 or at origin. 
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APPENDIX C 

ASYMPTOTIC REPRESENTATION OF HYPERGEOMETRIC FUNCTIONS 


The asymptotic integration of the hypergeometric equation for a large 
positive parameter v has been discussed (reference 8). It was shown 
that its solutions under this condition are of the exponential type when the 


variable v is in the interval 6— t — 


2p + 1 


- 6, where S > 0, and of 


+ 5<t<i_&. 


the oscillatory type when t is in the interval — — 

2p + 1 

The point t = — — 1 — is a singularity. Thus, to the first approximation, 
the hypergeometric functions for the interval are 


F v (t) - f(r )T V (t ) j\ + o(±) 

v (T) [l + o(i) 


F_ v (r) ~ f(r)T“ 


v > N 


(223) 
( 22h) 


where 


T(x) = 


f( T ) = (1 - r)* 2 A(i _ a^r 1 / 4 
2 [a( 1 — t) 1 / 2 + (l - 


(225) 


(i + a ) a ( i _ t) 1 /^ + (i _ ^ 1/2 

Here 0^— ^ in each case denotes the fact that the term is uniformly of 
the order of l/v when v is sufficiently large and is a function of l/v. 
For the interval ^ — ■ <t < 1, the hypergeometric functions are 

,cp + JL 


F v (t) ~ f ( T )T V ( T ) COS ^VC0--jQ 1 + 

F_^(t) ~ -|f(T)T — v (t) cos ^vco + •2^1 + 0^— ^ 


(226) 

(227) 


where 
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f(T) =2(1 _ r) a2 A( a 2r - 1) _1 A 


> 

T(t) . 

(1 + a) a \J2pr 


(228) 


cc(t) 


a tan 


-1 


1 

a 




(229) 


The values of f(T), T(t), and cd(t) are given in table 1. Here 
the parameter v may he any positive large number. When it is a large 
positive integer, these formulas will automatically represent the 
hypergeametric functions defined by expression (16). 


In the respective domains of validity, the asymptotic expansions 
may be differentiated with respect to t . To the same order of approxl 
rnation, it can be shown that for V > N in the interval 


F v>1 (t) ~8(t)T v (t) 


1 + 0 



(230) 


F -v,l( T ) 


g(r )T” V (r ) 



(23D 


where 


8(t) 


2f(r) 


icA ) ~ 


(1 - t)[i + | 0 (t)J 

{ 


1 - a 2 T 


1 - T 


arid in the interval 


2p + 1 


< T < 1 


F vA ( T ) - s(t )T v (t ) cos ^VCD - n°- -J^l + ofy 
F_ v ^(t) - |g(T)r- V ( t) COS (v£D + |i°+ £l + o(^j 


(232) 


(233) 

(234) 
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where 


<l( T ) 


gf (t ) 

^3t(1 -t) 





(235) 


Here F V ^( T ) aru ^- F _y i( T ) represent respectively the functions 

F(a v + 1, h v + 1; c v + 1; t) and F(l + ay — Cy "t 1# 1 + by “ Cy + lj 

2 — cy + 1 ; t). When v takes integral values n, expressions (231) 
and (234) will represent asymptotically F_ n ) . The values of g(r) 

and (i° (t ) are given in table 1. 


In practice, a more accurate representation for the functions F v (t) 
and F (t) and their derivatives is often required, especially in the 

interval 0 < t < i — . The fact that this is the case is quite evident 

2p + 1 

in part III. In order to carry the approximation to the second order, 
according to the method given in reference 8, a simple evaluation gives 

1 + + of 1 \1 (2 36) 


F _ V ( T ) ~ ^^(r) 

where 




1 . + o/i\ 

V { v 2 )\ 


0 < t < 


1 

23 + 1 
(237) 


F v (t) ~ f(r)T V (t) 


fU)( T) . J. 

16 


<£i°L±Jl (1 _ {o ) - fifl? log, 
p a 


ii - 1 ) 1/ ^ 2 ( a - - io 1 

a — 1 


+ 


63 + I 
33 




(238) 


Similarly, by differentiation with respect to t of expressions (236) 
and (237), the following expressions are obtained: 
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f v,i( t ) ~s( t )t v ( t ) 1 + + 0^ (239) 

0 < t < 1 — 

23 + 1 

F (t) ~S(t)F- V (t) 1 _ §ii!id + o(i) ( 240 ) 

where . 

S (1) (t) = f(l)( T j + aH (1 + | 0 )(1 - t 0 ~ 2 ) . (241) 

4p 

By comparison of the values of f^^r) and S^^t), the first approxi- 
mation of F v (t) and F_ v (t) is seen to "be superior to that of F v ^(t) 

and F_ v ^(t).- The values f( 1 )(T) and eW( t) are given in table. 1. 

For 7 = 1.405 and v = n + 1/2 and v = n , n being a positive 
integer, the two groups of functions F y (r), F_ v (t) and F v jf-r), 

F_ v ^ 2( t ) with their asymptotic expressions were calculated for values 

of t varying from 0 to O.34 and for values of n from 1 to 10. The 
results are presented in table 2. 
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APPENDIX D 

ASYMPTOTIC REPRESENTATION FOR | V ( T ) AND (t ) 


Next in importance are the functions S v (t) and I_ v (t), defined by 

equation (29). They are associated with the particular solutions of 
<p(q,0), and eventually, through the latter, will appear in the various 
functions in the problem of compressible flow. As was shown in part II, 
the whole scheme is based on the stream function ^(q,0), and its 
determination depends on the efficiency of the determination of the 
coefficients of the power series representing t(q,0). In order to 
facilitate such evaluation, the asymptotic expressions are again powerful 
tools. In deriving these expansions, it is also convenient to start 
from the differential equation for | v (t) which, from equation ( 13) , 
is as follows: 

? v' ( t) *TTT 5 v< t > +£ [ 5 v 2(t > _t o 2 ] - 0 . < 21,2 > 

This is the celebrated Riccati equation. This proves to be an adequate 
form for the asymptotic development of | v (t) in the interval 

0 — t < i — . Suppose the expansions are of the following forms : 

2P + 1 


'«*, - *0 ♦ 4* + ^ ♦ °&) 

(243) 

M t) ~ V + °(v3) 

(244) 

where £ q (t) is defined by equation (232). Substituting these expressions 

in equation (242) and equating the coefficients of various values of v - 8 
to zero yields for the interval 

| (1) (T) - ^ (l^ 2 l) 

2( 1 — T ) ' ° J 

(245) 

|( 2 )(t) = a2r (P T + 2 ) (l 

4| q (1-t) 2 V J 2a 2 l Q 

(246) 

The values of and |^ 2 ) are given in table 1. 
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appendix: e: 

PROOF OF THEOREM' 21 


The first: part: of; the: proof,, namely,, the. series: 

= it (H s in t>0: <*. < 1. 

2 : 

which, is: absolutely and : , unifonaly convergent. in; ary.' closed. domain: in. 
q_ C I,, can. he:- similarly carried?, out: preference; !)••„ since’ according; 
to: equation: ((I59 ; )- i'£ can; he? deduced; that: f or. 1 large; values? of." n: 




where M. is: a. constant: independent: of; nv Therefore:,, it. follows that 

for. t- t . <:<; — 1 - - and. n:>>F 

x - 2P: +• 1. 

|V?*F„ (r )( T )| <M|/ Sl (:.q.)n| 

For the series:, ((equation: O'!.)').' it: is? noted, that: for. t- ^ pp 1 , j_ 
and. v > N 

|p v (- r %)| <: Mt v 


F_ v (r) (M 


<Mt 


-v 


where the. region: £ 5: — £ +:- 6:,. where: S : > 0.' is; assumed. 

2p: +• i. 2B +- 1. 

to: be excluded.- Here: all', the? M?s:- jaxe* different but independent of. n.- 
Eurthemore.^, from: equation: (l'6o.).,, D^. is: bounded by 




Consequently,, for.’ n:>’N : ,.- the; following: inequalities, are: obtained.:’ 
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|B n q V F v (r) (r)| < M|B n (q.t) V | 

qt < V 

|c n q. -v F_ v ( r )(T) | < M|c n (qt).“ v | 

qt > 1 


Id a -n F (r)( T )| < M l&UL 
| n^- -n v I n 

ThiB completes the proof. 
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APPENDIX !F 

DEDUCTION OF IDENTITIES (153) , (154).., AND (155) 


Consider the stream function of the similar incompressible flow 


= 51 Vl n 3in 7)9 <1 < 1 

2 


^cU,©) = + c n < T V ) cos V0 1 < q < V 


At the circle of convergence the .conditions of continuity give 


'y- Ajj sin n 0 = )> (Bn + C n ) cos V0 

2 . 0 


00 oo 

'y~ nAjj sin n0 - ^ v (l^ — C n ) cos v 0 
2 0 

Since the limits exist by hypothesis, by multiplying both sides by sin n0, 
term-by-term integration then yields 

* Z II <2*0 

n 0 

= i fl u(B m - CjI (248) 

n o 


where 


I = — + 

, ^ n + u n — n 


u = m + — 

2 


By use of appendix B, from 
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[W 0 (w) + Aq ] 


dw 

w 


the following relation by continuation can be deduced. Denote this 
function by A(w). Then 

A(w) = - J" — w 11 |w| < 1 

2 n 


A(w) = i i^B n w v - C n w“ v ^- A 0 logg w + Constant 1 < |w| <V 


where the constant of integration can be determined if the form of A(w) 
is known. At the circle of convergence it can similarly be shown, by 
considering the imaginary part of A(w), that 


fa * i 

n Tt 



(249) 


where the constant term is eliminated by integration. 
Moreover, if a(w) = a + iX, it follows that 

o( q,0) = — ^iq. n cos n0 
2 


X(q,0) = -^q 11 sin n 0 

2 


q. < 1 


(250) 


(251) 


oo . \ 

o(q,0) = XI “ ^ B n9 V + Cn<T V J sin V0 + 2 logg q + a 0 ( 252 ) 

1< q < V 


X(q,0) = 5Z “ ( B nq v - C n qT -v ) cos v0 - A q (it - 0) 
0 v x ' 


( 253 ) 



76 


MCA TN No. 1445 


REFERENCES 


1. To llmi en, W.: Grenzlinien adiabatischer Potentials tromungen . 

Z.f.a.M.M., vol. 21, no. 3* June 1941, pp. 140-152. 

2. Moleribroek, P. : Uber einige Bewegungen eines Gases mit Annahme 

eines Geschwindigkeitspotentials. Arch. d. Math. u. Phys., 

Grunert Hoppe, vol. 2, no. 9, 1890, p. I57. 

3. Chaplygin, S.: Gas Jets. MCA ©1 No. 1063, 1944. 

4. Ringleb, Friedrich: Exakte Losungen der Differentialgleichungen 

einer adiabatischen Gasstramung. Z.f.a.M.M., vol. 20, no. 4, 

Aug. 1940, pp. 135-198. 

5. Tsien, Hsue-Shen: Two-Dimensional Subsonic Flow of Compressible 

Fluids. 'Jour. Aero. Sci., vol. 6, no. 10, Aug. 1939, pp. 399-407. 

6. Bers, Lipman: On a Method of Constructing Two-Dimensional Subsonic 

Compressible Flows around Closed Profiles. MCA TN No. 969, 1945. 

7. Bers, Lipman: On the Circulatory Subsonic Flow of a Compressible 

Fluid past a Circular Cylinder. MCA TN No. 970* 1945. 

8. Tsien, Hsue-Shen, and Kuo, Yung— Huai: Two-Dimensional Irrotational 

Mixed Subsonic and Supersonic Flow of a Compressible Fluid and 
the Upper Critical Mach Number. NACA TN No. 995, 1946. 

9. Kaplan, Carl: Compressible Flow about Symmetrical Joukowski Profiles. 

NACA Rep. No. 621, 1937. 

10. Tsien, Hsue-Shen, and Fejer, Andre j: A Method for Predicting the 

Transonic Flow over Airfoils and Similar Bodies from Data 
Obtained at Small Mach Numbers . Army Air Forces, Dec. 31, 1944. 



TABLE 1 


NACA TN No. 1445 


77 


CU 

M/I 

O CO f04 (Tit-lAH OJ O C- A H H 
CSfT>-£ OCO OIQJJAOQ4- OWO 4 4 

R§ 3®S pis » a® K8 S S 5 » 
8d«S^»R*SiS3«a8aiR- 

O .-5oj.*t— nhlAci 



VJ \ 

l</ 

fZ/ 

H 

'^M/l 

lTk H m Q avo H h- A ON m on CO 
t^CMAinO\roH O m On CU p CO i-H H rH 
lAt-tAO A CU CU m m O CO <33 Q A m CU 
H VO VO CU 4 ^0J4QrH440NH CU ON 
OOHon if\co on ovxi q h- m4 00 A A 
OOO OOOrHH W4 ACO CU ON A ON 





O H H on CO 




mP 

Q OJ fO H lA H lArl ro rl H ON4 t~ lOJ- 
OJ A t'-'VO On CM «3 lA QJ OJ t- 

t OJ 4 W OJ avo on OJ h- OJ 4 On 00 LAND 

4® o H O OJ ITMT\H4 H H Ol© fO 

£-4 <25 Cy On tA H h- OJ c H 4 A4 

On ON ONCO CO 00 f— t— F- VO VO lA A.4 m OJ 

o 




1— 1 

W GQ 

| 

CO no ON rH VO CO -4 MOIAO rH A4 CO 

OJ NO H Q rH OO OJ VO OJ ON VO ON o- r-H CU CO 

4 CO rH A A Q O f^H© r— m r-VD VO no 

ON -4 t-CJ4® OOOH OJ 004 O m OJ 

V)mHHwiA0JWt-Ht-4O0Jog) 
OH CU m4 lA f— On rH A On VO ["-VO O CO 

— | 

o 

d. 

HO>oj4pvmt— co oj m aco r— t— h m o 4 o 
VO CO C ONCO rnVQ OJ OJ m4 hHVD H nOJ Q 
<35 m on h mco VD A0JC04 OJ 4 vo vo m o 4 A 
O VD ON 4 H hhONONO hH4 t^Qh-mHA 
HrHVOCO OJ O At — r— VD OJ CO CVIAOHHOnA 


O HHH oiroiAOh- 

H OJ 


vo vo rH A On CVJ 4 vo co o cvim AVO On h m 4 NO 
rH CVJ CVJOjmmmm444444AAAA 

H 

'v 

IAHHV0 H VO no ON ON ON CO -4 

mco AON^CU£rm£ r ONh-HHt-“H_ 

OVf— r— H rH NO CO f— ONO h- no OJ -4 t — CO 
O A ON ON f— CU 004 A CO O OJ -4 OJ ON NO 
t- moo t- rH OJOJNO H On m A A4 a vo 

888dSS82I.S$S&S83 8 

°3 

VO On 4 NO o ONCO 00 VO 4 O t— ON 4 m m rH U 

HNOOnACOVO OCO On OJ CO A44COVO h-C 
O mco A cu O On h- VO VO A A A A AVO h- C 

^ m 
5 c- 
5 m 


O rl OJ 4 VD 

rH 


O' »H CVJ rn rn4 ANO h-aD ON o CVJ 4 NO ao rH 

rH rH rH <H rH CVJ 

-51*" 


£1*- 


1 

h i - t ) p 

_ „ rH 

CO Am H-4 OJ o rH rH 004 VO O CO H CU 
t-OCO OJ ON rO t A ON A Q VO H CU 4 <2) 
On I-H ON vo vo ao 0— 0— OJ Q <35 mvo 4 h-4 
W'Ot^HrHAOJrHOJ^Fvo 0 4 ON -4 O 
vo on a m rl on a? r *— no A4 -4 m oj eu cvj 

4mmmmcucucucucucucucucu<M(\J 

ca 

h 

i 

H 
HC 

co O Q VO h-co CO OJ OJ A rH c— 4 m rH m o rH t*~ 
ON4 co c o 4 h©4H® mp h- on mvo m H 
A0C-C-04 O aj cO OnhAQ AONhhpin 
vo rn ONVO 4 H On® 4 W H On$NQ mH On <35 VO 
HHOOOOOnOnOnOV OnCO cu <35 CO CO f- h- t— 

OJOJOJCJOJWHHHHHHHHHHHHH 

i 


i 



as 

4NO H H H4 r-OVQ4 f\H 3d OJ VO 

m 4- co vo co -4 vo meg t— oj vo o vo aco 
m t— o m on H on aco oho Onvo. m On 
OJ rH ON A Q VQ Q A ON -4 CO 0| A 0 \ mVQ 
Oj m m4 la Avo vo vo t— t—<33 a) co on On 

as 

h (VjmH hOJ A© o CVI ACO CU co 4 O t— CO Q 
ArHVO rH A Q 4 0Nmh-rHAO44 AVO On 4 
Q 4 hH4© H 4 CO H* ACO CU ACU ONVO m rH 
O O O rH rH <H cu oj cu m m rn4 4 A AVO r— CO 


o 


HHHHHHHHHHHHHHHHHHH 

ca 

« 



t- 

» 

mAHACUf— t—H H OJ rH moo CVJ -4 m 

5n^5 cu m o 21 m<8 

OJ a t — o mvo H oj vo on m t— h a On m 
OOOHHHOJOJOlCVJm rn_4 4 4 A 

ca 

« 

/ — \ 
h 

i 

On CU m4 4 VQ A On A cu co mO44C0 rHVO Q 

H rn A ON Vp <35 vo H vo CU Q 4 A A A h- Q 4 Q 

4 CU QJ4 OiNOvo On 4 mAQONCUHONOAO 
a) mco mco 4 Q vo mohiAWH onco h a m 

Avo vo hh©Cf\ONOHH CU m4 AC — O CU A 

H 

'*• — 

HHHHHHHH Hi rH rH rH rH rH rH rH 

rH 

HHHHrlHHH cuojcucucucucuojmmm 

EH 

rH o ON A O CO t— C— 4 CO t — ON On A ON 

ON A NO A mvo CO ON NO NO 4 Vp 4 00 O A 
ao m m A m on m A4 o oj o cu <35 cu 
jtr a cvj as no m onvo qjco 4 On 4 <r> H4 
00 t — vo 4 m CVJ p On 33 Nn A m CU p ON t— 
On On On ON On On OnCO CO CO CO CO 05 <35 c— t— 

E-c 

m rH p 4 4 rH VQ CUNO h-NO OCO H H NO 00 m ON 

ON 4 ON CUNO vp CO m p OJ CU 4 H rH CO NO mH m 

CU O 4 4 vp 04© OONjAhA© h- m m A c— 
4mm aco mco 4 cu On a) h- c- On mco 4 H 

A rn H On ^-VO 4 rn CU O ONCO C— NO 4 rn H Q On 

c- C" — VO VO no NO NO no NO A A A A A. A A A4 


O 


0 

_J 

GO 

rH O A4 VDOV04Ht— HCOrHmmrH 
4 OJ t— A CNI t — £— A A ON A h— mVO t- On 

m On r— On A A rH aco mvo m on 0 no r— 
CU 4 h- 0 4 00 mco 4 CVJrHmOOrHNO OJ 
OOOHHH CVJ CVJ rn4 AND C- O m H 

• to 

ON H 4 A4 H4 A4 OJ VO O H O ON CU C— O m 

AhOHVOhH £ — A ON CU no H CU A <35 CO NO m 

hO hONh© H CU O A mcO ©04 O H m Ov 

io\co cu co no m4h- cuco 

VO CO VQ ON 4 O t 4 CUO® hlA4 WO© hA 


H H 1 — IrHi — (1 — IHHHHHHHfMOJ m 


HNOA444mmmmcUCUCUCUCUCUHHH 

<H 

CO OJ 4 CJON4C04 A A O CO 4 mCO CO 

mvo © OJ ON 4 f— p 4 CU HNO © 4 4 4 

' p h m h - h ac5 vo <35 cu H no owo t^vo m 

1 O O O O r-i H CVJ m A t- On oj c-*4 NO m 

oooooooooooHHcvj mvo 

Ch 

4 4 t— 

mvn 0 m cu H 4 a H co co mvp hH 0 <^<M CJ 

mvo cu co aj onvo On On m cu H co vo cu Cu m o H 

t- h-4 H ONCO 4 hmaiWH4 AJ <X) 4 00 ON A 
A 0 4 co On A4 4 VO <23 CUNO O A A h- On CU VO 

CO On 4 H ON co A- VO A44 mmcUH O ON ON <25 


HHHHHHHHHHHHHHHH 

1 


4 CUCUCUHHHHHHHHHHHH 


I 

rH CVJ rn4 AVO t — CO ON O H CVJ 004 AVO 
OOOOOOOOOrHHrHHrHrHH 

V 

' t — CO ONO H cum4 AVO t— co ON O CU 4 VO CO 0 
hh h cucucucucucucucucucummmmm4 


O 


O 














NUMERICAL VALUES OF HYFBRGEOMETRIC FUNCTIONS AND THEIR ASYMPTOTIC RETOES ERTATION 


78 


NACA TN No. 1445 





HHrHHHHwOJOiWW CJ 
I i 1 1 1 1 t 1 1 1 1 1 1 i 1 i 








OOOOOHHHHHOHCMCMCMCM 


ITS 

3 






tr CVIVO A-4 GO -4 O O\0OO\4 O t-VO A 


A 

s 

q On cm On a on o 4 vg on r- o [— co h a 

OnCO A-4 nnvp aj ACO On m CM -4 A on O 

on On - 4 QJ CM A O ON H -4 O on A CM vg on 

t— .m on On A H r— CM VD H On On o OnCO VO 



cOoncMrnt— CMA{^co-4-4rnoj t— vo ^ 





A-4 on C\J H H co AcncjHC04 H mm 

1 



H CM rn'-4 C— HHCMCMCMHonHHCMon 
i i *1 i i 



H H H H H H H CMCMCMCMQjmonon-4 
1 . 1 1 1 1 1 1 t 1 1 1 1 1 1 1 1 



OOOOOOHHHHO. HHHCMCM 








A 

A mjAJ- mt- H t— ON QJ CM ON lACO ONE— 

On aco h m on h on vo w ah h a - 4 t— 


A 

OnOnHE— OONOnCVJHQ O QJ CM 00 O CM 
H QJ C— -4 H t— QJ H on AVO A On t— vO ON 
A ON O CO CO ON ON C CQ AVO VO A CMVO A 
VDHOCMCMHWVDCOn0 44©440N 


ON 

-4 A on A A Q On CM -4- On cm m o vo on H 

rl C-^VO t— O AO h-onif\P04 CM H VO VO 


ON 



M)4mNWHHC^lAonWHc6^HH 



H CM on -4 VOONHH.HHVOH-40NHH 

III i i 



HHHHHHHH(\IWCM(M(\immm 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 < I . 








OOOOOOOHHHOOHHHH 








a 

ir\CJON4CO : W OJ4 t-mtfNVO irNOlTN4 
A CO A on ON <£) A O on oi QJ t— f-VO On vo 
t--4 avo on a on onvo co on q h t — vo a 
4 H O H4CD mo J- OJM)4 A CO A C— 


A 

-4 onCO IN-OnO- 4 ongjAO C-r~ACM H 
ONVO ononONO Q -4 aD -4 o -4 H C— AVO 
VO CM O CM CM Os VO H44 H® OnCO CM 'g 
AOC— r-CMCMt— CM on. CM-4 O ON CM O CD 


co 


CO 









VO -A-4 on CM H H H f-AmC\l r|C04 rH 



H CMCMonAt^O\HHHt-mrl4t- ON 

* 1 1 1 i 1 



• HHHHHHHHHCMCMCMCMQJCMon 






l ■ ■ l i I l i l l o 1 > • ■ l 



OOOOOOOOOOOOOHHH 



■x*i*x*x«s*tax*x*x»x*s*««x*x«x*x 





A 

Vp CM A rH CO VO OOOvCMACMVp CM AVO 
■® movo t-ACy H© CM CM A CD CM A O 


A 

H ACO QJ -4 CO m ACO H H A A t— CM H 
Wt-OO On - 4 -4 O CM CO H on& ONVO f- 

ON5-onmonA-4 o cm avo on co cm c— a 
- 4 co -4 cm on ma5 vohi^in-cmc-ovo 


t!~ 

H c— 04 on on co co 5- ononmgxon aon 5- 
CO A AVO 00 CM D^mo t— VO on c— c — O ON 


c — 



vo A-4 onCMCMrHrHr-Ht''— AonOJrHrHA 



H H CM m -4 A t— CO ON ONVO H VO H on -4 

1 1 1 1 



HHHHHHrlHHHOJWWCMCMOJ 

1 1 1 1 1 1 1 t 1 1 1 1 1 1 1 1 



H 





OOOOOOOOOOOO • OHH 






■\^*x*v*\*\*t*x*x*v*v*x«x«x*\*x 


A 

• VO CM ACMCOCO on H CO 4 4 4 m AON 

ON H 5- CO ON co cm O H A ON CO VO CM H A 

^mmt- m.g t — oj -4 cm a on cm vb onvo 

HO O H 4 CO CM <X> -4 H VO A cb -4 on A 


A 

QJ CO A o vo O CO o vo O W mt'-f- A 
c~-a) onononoNon ^— cmhcdno a aco a 
H pn co OnCO H O A4- A AVO CO AVO 

-4 H t— A A A mao vo IQ euro nH® 


VO 


VO 



t— VO A -4 mCMCMHHHCOvO-4 m CM H 



H H CM CM on -4 AVO VO VO A 00 on A H H 

till 



HHHHHHHHHHH.HH CM CM CM 

i i t t l l i l i i l i i l i i 



H 





OOOOOOOOOOOOO 1 oo 



»\ «X »> *V *\ *S ( 




Pn 

a 

A 

m QJ CM ON CM VO- -4 HOD H ON CO O ON -4 O 

ONONOJ® opono O ON CO -4 vo -4 H vo 

A CM H Ono 5 -4 OvH ON CM rH 1AH4 CNH 
A AVO t— 0^4 CQ-4 ONVO m O on -4 00 VO 

Px 

A 

A 

ACO CO f- -4 vo vo r-co A m A C— vo -4 o 
On r — on co a o one — ovo H AA-4CO 
4QlAQmCMOe- on CO ON o -4 t— CM ON 
onvo ON -4 ON A H ACO t— CM m t— t— O O 



C— VO A -4 4mc\JCMHHHH CO VO 4 on 



H H H CM CM on-4 4444mHfO on VO 

1 1 1 



HHHrlHHHHrlHHHfHHWCM 
1 1 l 1 l i 1 1 i 1 i 1 1 t i i 



H H 





00000000000000« • 








a 

vg -4 -4 -4 O^rHO 0-4 on On ON ON ON A-4 
CO AQCO-4AAOVO QIVlAQ 0> IT- t— 
avo a q on oj t— cd on -4 co t— Q aon c— 
ON O CM A co CM VO H on ONVO -4 rH -4 VO 


A 

on cm CO CM O VO VO CM H ON ON CM t— C— On- 4 
oo onvo HVO-4 CMHQH-4vn on t— A4 
CO CD -4 ACO CM on t— O co CO a5 t— -4 H Co 


-4 


-4 





CM -4 c— o m t— o CM -4 on H t— H on CM t- 



C— t-VO A-4 J4. mmOJCMHHHHO^h- 



HHHCMCMCMononmmmcMCMHonaO 

» 



1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 



H 


* 

1 1 1 1 1 1 1 t 1 1 1 1 1 1 1 1 



OOOOOOOOOOOOOOO 1 






•S #v *\ *N *N fN ^ •> ^ ^ *\ *V 


IA 

% 


A 



on 

H^4mrH ON CO CO rH r— Q CM VO A-4 VO 

co m t t— H vo cmvo t— h CT\ t— -4. On o a 
t— -4 AH CMVO A^monAH OHVO CM 
onvo CNmh-HVO H t— on Onvo on o t— A 


m 

ON CM co H oo t— QJ ON t— ON OJ t— CO -4 CO C— 

O H CM vo co t— ON o H CM CD onCO A t— O 

QJ r— -4 CM Q t— H CM E— VO 00 -4 QJ -4 ON on 

QJ m A t— Ch O CM on on on CM H ONVO CM On. 



00 t— VO VO A A-4 4 mmw OJ OJ CM H H 



HHHHHCMCMCMCMCMCMCMHHHCO 



HHHHHHHHHHHHHHHH 
l l l l t i t l i > t i i l l i 



oooooooooooooooo 



•x«x«x*«x«\*x*s«i*t*x«v*x«x*x.«\ 





IA 

Cd oo -4 H -4 VQ H on A CM VO OOAhOJlA 
OJ A® 1AA004 H ON 03 VO -4 O -4 VO -4 
H VO on on A ONVO A ACO mo OnOnHA 
op cm c— cm t— cm aj -4 o vo on o vo on h co 


A 



CM 


CM 

®-4C0 t - — HC— OH OH-4 QJ -4 H CD H 
-4-4mt— QjmOONOQJAQt— ® onvo 
A-4 on H ONAO-CM 4 mpM5 ON H CM H 
H CM OO -4 -4 AVO VC^ VO VO VO A-4 -4 on CM 



COCO C — 5— vo VD AAA-4-4-4 mmonCM 



HHHHHHHHHHHHHHHH 



HHHHHHHHHHHHHHHH 

l l i l i l i > i i » t l t i i 



OOOOOOOOOOOOOOOO 








IA 

vg cm cmaonaoncm cm t — co cm co vo on on 
-. a5 w iAc-a) ono) t — _4 Q\ onvo vo a cm vo 
t— on onvo -4 on on-4 vo ao cmvo h t— -4 h 

CM On A CM ONVO mot-4 CM On t— -4 CM O 


A . 



H • 


H 

O co ONVO CM H vo O A-4 O -4 H O VQ O 
onvoAOHCOHCM on- 4 t— c vo on co on 
vg co o c\jonon-4-4 mmoj H O on t— vo 
OOHHHHHHHHHHHOOO 



OnCO COCO t— VO VO VO A A A A A 



HHHHHHHHHHHHHHHH 



HHHHHHHHHHHHHHHH 






II. 1 1 1 1 1 t 1 1 1 l 1 1 1 l 1 



OOOOOOOOOOOOOOOO 








IA 

<X> O H ONVO H -4 VD -4 H At-t-mt-CO 

vocDhacmHH mt^mo o\o mt^m 
A on QJ o On co t— vo A A A-4 A A AVO 
t— VO A-4 CM H O ONCO t— VO A-4 m CM H 


A 

cm co cm -4 mQmA4 H At—c-AO on 
-4 At— Cu OnOnO O OO OnCO t— VO A on 


6 


O 

QJ on-4 AVO t— On O H CM CM 00-4 AVO t— 
OOOOOOOHHHr-iHHHHH 



Onononononononcococococococococo 



HHHHHHHHHHHHHHHH 



-4 vg CO o CM -4 vo CO O CM -4 VO CO o CM -4 
OOOHHHHHCM.CM.CMCMCVJononon . 



-4VOCO O CM-4VOCO O CM-4VOCO O CM-4 


> / 


> / 

OOOHHHHHCMCMCMCMCMononrn 


/i- 


A 




o 


/ 

O 


NACA 




TABLE 2.- NUMERICAL VALUES OF HYFERGEOMEERIC FUNCTIONS AMD THEIR ASYMPTOTIC RBH1ESENTATION - Continued 


NACA TN No. 1445 


79 




HHHHHrlHdlWCUCUCUGJrOOOfO 

1 < 1 1 l » l l l 1 l l i l i i i 



oooohhhhohcmcmcmcmcmcm 


i n 
o 






% s s? s^s 1 8 & a 


m 

6 

H CO no M CM CMS? inw mco P in H MCO 
h m m* on m co cm a3 co in <35 h m m cm 


H 


H 

(JHOin inp h cm t- o mvo h h * * 

(SmM-OJffirnOWOlHOpMD* CM 



NO-* mOJ OJ H HCONO* POHrl^Mrl 



H m * t— HHOJCMH*HCMmmmCM 






1 1 1 1 1 1 1 



^HHHfHHHHCMCMCUCMCVJCVJfnrO 

1 t l • l i 1 ■ i l • | i | i t 



OOHHHHOHHCMCMCMCMCM 








in 

NO H * OJ C\J O* O OSH t-W On 

o<g o w* cu* cm on h cm o\co mcb CM 
h h* £\oj MtAt-o inm* HNO in*- 


in 

CM H CM NO * CO NO mNO * ON NO H CO CM C— 

cm CM<i>a5 co no no 
O <35 On co m* <35 h mco * vo h * <35 m 

ON M- CM M O * NO * ONm* H M H CM* 


ON 


ON 



vo rn cm on no piAHf— minHHmcvitn 





NO in* m CM CVJH H CO NO * m CM H GO * 



H CM*NOHHHHH CM NO H H CM CM CM 
I 1 i 1 1 i 1 



HHHHHHHHHCMCUCUOJOJOJOJ 

■ 1 1 i ■ 1 i i i i i 1 • 1 l • 



OOOOOHHOOHHHH CM CM CM 








lfN 

CO 

* no * cm * * on on on mco * in tn r— t— 
in * cm t— a!> h 5— cm in* o * w o h 

* rn o cm on t— in on oo m 5 - no co no m 

ON 5- 0*0\lf\HOt-0\ in* NO O 


in 

co 

* o mNo o t no on h tn in h cm m in o 

m H CM NO CMCMCMOmOCONOQONCMin 
9 OH iyd CM ON A- in H NO O 
H5 in on on in h cm co on m in* in cm mm 



NO in* nnWHHH ON NO * m CM H H 



H CU m in© HH ON H H mNO ON H H H 
• 1 1 1 1 1 1 1 



HHHHHHHHMHHOIOiWWW 








OOOOOOOOOOHHHHHH 








ITN 

o 5 - no £- h in r- cm h On m* tn* 

rn h on cm on t — no * on m rH * on no * r— 

On co o no cm on in on o r- o * oo co co m 

CM H CM POND ON* ON NO CM O 5— co m H CM 


in 

On h no h h o* h in co t-NO t- m m o 

S PS sfi- 5S d « P 

5-* in h co min no no h oni7Shno r- On 


'C— 


t— 



t no in* rn c\i oj ri h h h t — in* m cm 



h cm m cnNo ao co no h t— h m in no t- 

i i i i i i i 



hhhhhhhhhhhhcmojojoj 

1 I I 1 I 1 1 1 1 I 1 1 1 I 1 1 








OOOOOOOOOOHHHHHH 



**'.*'*' ^ ^ ^ ^ ^ ^ ^ "> 





lA 

r- on o o\ r- in rn no cm in on* h * o in 
* in on cm cm mco q * on cm c— m.cM h h 
in in o no incMNocoincONOco cm mvn t— 
no no cm on cm no o in h t-— * h in in co * 


in' 

oo m A-mao * m 5-* co * * o on* co 
no in m m m* no h m cm cm cm ctn* t-o 
On m in no * cm* incOH**ONHt— t— 
no m cm m* hon* cm t-oco\amH in 


NO 


NO 



t^vo in**mmcMCMHHHO\m in* 



h cm m* invoin*HmHHCMm** 

i i i i i i i 



HHrlHrlHHrlrlrlrlHrlrlrlrl 



H 



1 1 1 1 ■ 1 1 1 1 1 1 1 1 1 I I 



OOOOOOOO * OOOHHHH 



•N *N ^ *\ *N *N *\ *\ A *\ *\ *\ «\ 





ITN 

* CO NO CMOONHOn On NO CO m on r- On 


tn 

* mco cm 5— in h minmtn onco on m m 


lfN 

NO ( no no o in on h * in- no t— co in in no cm 
CM in r-4 OONO in H H NQ NO O co o in rnNO 
O r-i mNO On mco mco * rH t-— in cm O * 

h 

in 

no CM On no h mONCOONOO mmmt — h m 

k- 




t — 1 


ao t no in** nmcM cm cmh h h h® 

H 

•V 

?- 


HCMCMm**mCMQOHtnONHHCMCM 

1 1 1 1 1 1 1 



rlrlrlrlrlrlrlHrlrirlHrlrlrlH 

1 


H H 



1 1 1 1 1 1 1 1 1 1 1 1 1 I I | 


OOOOOOOI » IOOOOHH 








IT\ 

mNo on no co h on no tn o in in m o no r— 

in On m CM t— mNO r— m m* no a- no O On 

O t— t — NO NO H On H C— NO CD m rH CM NO rH 

* no os m t— oj no cm t*- m on no mo 5— in 


in 

00 ON NO OO OHCOt — * ONO in rl NO C^~ 

t^* CM CO NO NO O CM O ON * H m* NO t- 
CM CO in O 5— NO CM H HNO A* CO NO Q * 

no o inno CMnt^tn ctiND in* mon 








* 



oo t no no in in* * mm w oj cm oj h h 



HCMCMCMmCMCMHin ON CM * NO °0 H H 

i i i i i i i 



rlrirlrlrlrlrlrirlrlrlHrlrlHrl 



H H H 



> 1 1 1 1 1 1 1 1 1 t 1 1 1 1 1 



OOOOOOOI i IOOOOOO 








in 

on 

O* m CM NO O ON h- O CM t— CM O t^-NO m 
jnino on h r-* * no co o m in in* h 
go r-i t— * int-CMON<x5 on mco in* inco 


in 

coco O ON in o CTn CM CO O co ONCO HO H 

ON t— in CM Q H ON NO O ON m ON pv CM a5 H 

CO r— * NO CM CM HCO mNO CO NO NO CO 

tnCOOH OCO* O IAI- CM o CO vo m ON 



m 



t" CM NO HNO H C— CM CO * H t^* H CO in 





oo co t— t — no no in in* * * m m m cm cm 



HHCMCMCMHHONCM*HCMCMm** 

■ i i i i i i 



H H H H H H iH H H H H H H H H H 



HHHHCMHHH 



> i i i > i i i 1 1 i i i i i t 



O O O O i 1 1 1 ' » 1 'OOOO 


in 




•N *N *N *N *\ *N *N P\ P\ ^ 


NO CO * * OO in* * NO ON O H H CO CM CM 
CM* t'-omt'-H in On mao cm no on m no 


in 

* on o no cm 5- in c — co mco m m* mco 
m* no cm on h no no o h h cm * o h m 


CM 


CM 



in* * no co hno h c— in m m m* t— o 
h t— moNinojoo inn® in cm on no m h 



CM NO H ON O ON* NO H H* t"— in H * * 
*** CMH A— H CMtnOOm t— H * NO © 


H— 

On co co f— c-— t no no no in in in* * * * 



HHHHHCOvOmCMCMinoOHHHH 

i l i i i i i 



HHHHHHHHHHHHHHHH 

i i i i i i i i i i i i t i i i 



HHHHHHWCMHHHHHHHH 








m cm o on on on h tn on no in no cn in* no 


in 

O ono in on on m la h cm* a- in- no cm in 
ojr-mco ovm* ajco mo cm oj mco on 
aj a-* o tnONc— ojmo o m o h no no 



p in m m r—* inco ** hncjinn o 
co CMi'-CMt—mONtncM on no * cm o Onco 
* OJ ON m * CMONt-inCMOCONO* H ON 


H 





O A— tn* m m o O O t— mco m r- o m 


Hi 

On On co CO CO co r— t-E-- {--£•— NOVONCNO in 



c~- tn* m cm Hinmn h cm cm m m* * 

t i i i i i i i 



HHHHHHHHHHHHHHHH 

liililiiiitiitli 



HHHHHHHHHHHHHHHH 








in 

m tn o in h inco oo t~-* on m in r— t— \o 
co 4)' m h * t — hno cm On no tn* * in r— 


in 

m t— m no c— * inmNO ono mt^co o cm 
mco t-ONon n h in h o mcovo t-- cm On 
no * m cm cm cm cm cm m* in no co q m in 
in m H OVMArOH OMnrOH o co NO 


n 


o 

ON* MAO n H NO CM M m ON in M t co 

no in on cm h on co no in m cm o onco no in 



ON On CO On On CO CO CO co CO CO CO m M A- M- 



On ON On CO COCOCOCO A— m A- t — n- r-ND NO 



* NO CO o CM * NO CO o CM * NO CO O CM* 


y 

* NO CO o CM * NO CO O CM * NO CO o CM* 



OOOHHHHHCMCMCMCMCMmmm 

O 


> / 
/ h 

OOOHHHHHCMCMCMCMCMmmm 

o 


NACA 












TABLE 2.- NUMERICAL VALUES OF HYPER GEOMETRIC FUNCTIONS AND THEIR ASYMPTOTIC REPRESENTATION - Continued. 


80 


NACA TN No. 1445 




H H H i— 1 r— 1 H H* QJOJOJCUCUCUmm44 











9 

VO ^WOC44 H 4 inmONHCO ON ON t— 

r— oj o vo inmono ovom n-vo -4 mvo 
5-ovt— 4vo®®4 on oj mm on 4 m n-® 
t— o\ m - 4 - in® mvo vo in on® o 

t— inj- n oj h h onvo ^ cy h h mciicd h 

i 






HrlHHHrlrlHOJWWWOJOJm nr>4 
1 1 > 1 1 1 1 1 1 1 1 1 1 1 1 1 1 



0 0 O^O^O^O^H^H^H^H^H^O^H^H^OJ^CU OJ^ 


On 

4 4 On vo mrnOONQrj rl\fi mvo 4VO o 

VO O f— H O GO LfS mvo ON® ® On® OVD 4 

t— H 4 4 Amt- m qj h inginn Cm on® 

On m On® On OJ vo oj on m m on® h h t— m 

t— ® ^cowojhhcovdj- CUHHVO oj o- 


s 

HO\®m4 OJ H ® 4 ® OHHH® O® 
040 0 ® H 0 4 jtr cu r— ® no 4 ® m® 
ON ON® Q-® 4 QJ in® ® inON4® Q ON® 
OJ® OJ H in® 04® 0 ® WON h-4 Q ® 

H H CUm4®HHH WHH^h-HOJCjJ 



rlHHHrlrlrlrlr(C\JC\l(M(\JWWmm 

tllllllllllllll.il 

•S* l * x Bt* k *\«S*.*V*t*SBl»>*t*V*S*V 



OOOOO 0^0 H^ H^ H^ r-T rH ^ r "* s CU^ CU^ 


QO 

moMno t— h H o jgtn h on o ® on h gm 

p 4 vo QJ rH ON rA 5“® 0n4®®40N0\CU 

® -4 in® on mvo r— ® o on cm o 4 vo t— p 
H vo m cu mvo omH®nomHO cu h 4 

® vo inj- mw<MHH©iD4 m c\j h t — m 


ON 

P H ® H ® mvo m H ® h-t-H cummm 
® 0 ® q r-4 4 cup cuint— c-cu4C\in 
in h 0 m® 0 0 0 co h 0 ® cm a- m4 h 

CU® H ® ON t*“ H HmmmCU04t-04 

004dOOOBQ««a«9»«« 

H H CM CM m in® H H H H in H rn® H H 

1 1 1 1 t 


■ 

HrlHHrlrHHrlHH CVI OJ CVJ CU CU CVJ m 
* 1 1 1 1 1 1 1 1 1 1 1 1 1 I- 1 1 



OOOOOOOOHHHOOHHrHH 


1 

m® -4 CM On -4 o® OJ i — 1 MAONrl in On O 

p\® ® cm t— t— 4 oj o -4 vo rH onvo m m o 

® ONOvt— QNmmH® cm mnH4 o on r— 
no o\ n- ® h tn o in cu no on h ® in® ® 

® vo in -4 mrow (MH rl Onvo in m OJ H On 


® 

co® rionroojQri m® qj 0 h ® in h in 

VO On rH CU CM m On m t-4 Q OJ CM 4 ® mo 

OJ cm in® ® 4 H m 0 On 0 on H m4 H 

CU in On tn 4 t*-4 m 0 0 O H 4 no ON® ON 

H H H CM 004 ®® HHHVO HH CU4® 

1 11 1 T 



HHHHHHHHrlHHHWWWWW 

illlllfllll-tltitl 

•\«t*k*\Bt*S*k*l*k*l*l^*\, •**«** 



0 0 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ H^ H^ H^ 


® 

in H H no H t—4 QCI®40g04t-0 
m t— vo t— ® ® cumm4inoom44 on 
q vo o- h t— 4 h vo ONONtnt-cMin-4-4 o 
vo m oj <04 t rH in o vo mo no no r— 4 4 v 


H 

m Q H ON® 004 t— m On 0O4 ® H® m H 

® 4 ® m on on 4 HHpONr-poinoNh- 

ON inp 0 ON CU ® ® 4 Q\ ON H ® Q On H 4 
H 4 ® 00 On On O CM no® 4 b- H 4 O O O 



co o-vo in 4 m m cu oj <h h h®vo 4 m cu 


m 

h H H cm cu co in® t- r- t— in cm 00 h cu® 

1 1 1 1 



rHHHHHHHHHHrHHrHHCUOJOJ 
i i i ■ i i i i i r i i i i i 1 i 

1 


H 

OOOOOOOOOOOOO 1 O O H 


in 

cviinoiooNOJvoo® t— n® m m t— cvj t— 
m® oj no >H cu t— qj on in 4 h oj cvj h t— ® 

oj in on oj H- -4 rH ® ® no m cm no ® ® m h 

® t— t— On H 4 ® OJ t — on ONVQ mo®®® 

® 5-® in in 4 m m oj cu h h h h ® ® in 

PN 

® 

® rn® OO® ® On® ® h-0 CU CM ® in CM 4 
® CU CU [*— GN® lAlAlAlAt-4 4 m Q m CM 

® ® tr— ® ® m t— 4 rn® CM 4 IN- H On 0 4 

h m® 0 in CU ON® m® ian-h mint^H 

H HH CM CM no no 4 iniT\lA4 m n— QJ VO H 



rHrlHHrHHrlrlrlrHHHH rH. rl H H 
o ■ i > • i > < > * < ■ I i 1 < * 

»i n *s ■» •» . «s 



H H - 

OOOOOOOOOOOOOO » *0 


4 

Oj CO HON® in ON o ON® ON in QJ 4 ON-4 ® 

® rn On -4 On O no t—® Q m On On OJ ® O O 

,4 ® -4 ON On® t — m4 O ON OJ ON O ® O ON 

oh® in® cu® h® oj f— 4 o ® m ® o 


in 

H 4 ® ® t— 4 O P n-® 4 4 P m4 0 t- 
® in® 0 CU Q H®4 ON4 ONONf— CUH H 
m h 4 m cm tn 0 qj® 4 H on mvo mop 
H no in® CM® H in® 0 0 ® 00 CUlAON 



on® t— ® in in 4 4 <®®ojojcmhhhh 



H rH H rH CUCUmmn044mmcUt'~ONCM 



i — l i — 1 i — 1 H i — 1 H i — 1 H H H H H H H H H H 

l l i i i i l l i i i i i l i i i 


■ 

_ H 

0006000000000000 • 


m 

a- n oj 4 o ® n h cuoNONHinoinom 
® in on® oj ® r— r— ® m® o® f- O ® cu 

. 5- ON 4 m® HOOJ^IAiA ON 4 cu ® m o 
ojinONmr-cunojr— mONincu on® m H 

ON® 0- f— ® ® 1AIA4 4 ® ® ® CU OJ CU OJ 


■ 

® h 0 in p t— c- m® on in t— 0 no® ® on 
0 cu h® 0 ® ® h-m® t^mm4 g Qh 
H m no 4 On 4 on h ® c — h-® m n-CN® m 
H cm 4 ® ® h m® t— ® ® n— in h ® 0 ® 

HHHHHQJCMQJCUQJQJCMCMCUHHno 



HHHHHHHHHHHHHHHHH 

1 i t i l i ■ i t i 



009000 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 0 ^ 


OJ 

® ON® 4 00®mm4®4 t— H nO H H 
4 lomt-t-ai OJ t^t^H on H ® m® o® 
H 4 ON in rn ®4 ®0® CM H Q rH m 5- H 
in o in h t — m on n oj ® in cvj on® mo® 


m 

4 0 ® Q mromro® cm h ro® ononh® 
40 QJVOHHt— nOQJrHmOjHmONQjm 

®onH4® hcu ojgvmtnorocy^QON 
0 H no 4 m t—® ON On O 0 0 On® ® m CU 



on on® co f— o-vo ® ® n n in 4 444 m 



hhhhhhhhhcucucuhhhhh 


■ 

H H H H H H H H H H H H H H H H H 

1 t l l l l l l l 1 • 



000000 0 0 000000000 


H 

® ON® C — OJ 4 H in 4 ON ON CM Q CU®44 

n in 0 0 m 4 ® ® on® on m® h 64 cm 
in h ® in cu 0 ® t— ® ® ® c— ® 0 oj 4 
t- in cu 0 ® ® ®h on a- in ® h 0 ® ® 4 


CM 

® QJ 4 On m in t — row 4 H mo cu®® in 
vo ® ® 4 m® mp®c-®omcucuvg m 
m h n— m® cu®o\ohhho\ 5-4 p® 

OH H CU CM no m r04 444 mmmmCU 


H 

on on on on® ® ® ® r- t- h- r— t— c— ® ® ® 



HHHHHHHHHHHHHHHHH 


z 

CU 4 . ® ® 0 CU 4 ® ® O CU 4 ® ® O CVJ 4 

OOOOHHHHHOJCUCUCUCUmmm 

O 


z 

Qj 4 ® ® O CU 4 ® ® p CU 4 ® ® O CU 4 
OOOOHHHHHCUCUCUCUCUmmm 

O 


NACA 




























TABLE a.- NUMERICAL VALUES OF HYFERGBBQMEERIC FUNCTIONS AND THEIR ASYMPTOTIC REPRESENTATION - Continued 


NACA TN No. 1445 


81 


m 




HH 








I 

s 

H fjO W rnq\H O C— -4 l— oo CU VO vo A On A 
Q CO t— A A t— H 00-4 OJ CUVO A H O O VO 
^•^•HOJrnH^hOO CUAHONONCUOCUt- 
O-* HOH^Om04 mvo -4 VO o t— co 

CO VO A-4 mOJHH rlt-lAnncid H A CU 


1 


■ 


1 1 i 1 ■ 1 1 1 i t 1 i 1 i i i 



O O O 0^0 HHHHOHHOJCUOJCUCU 

I 

on 

* 

OU m on O A p VO Q\ trvCO o VO vo mvo CO CVI 
COVO HVO QjO H H VO OJVO AVO t— On VO 

Ar-ojvoco^h^t^t^}- h a? -4 vo a 4- t— o 
cvi r— a-4 aco cu t— m o a a on t— co h o 


o 

H 

CO »— t CU t— -4 O On vo CO O VO ON VO CO O VO t— 

4 vo vo cu vo vo p -4 m-4 On A (— Q CU -4 ON 

t— -4 I— <25 o CU ON VO CO cu H vo On VO a on c— 

on On<X> -4 cu h a <25 -4 vo vo. O a on t— vo t— 

II 


CO vo A-4 fOCVIWHHHMf\rnWrHH5- 



HH CU-4 t — HHH HH on ON H CU CU CU H 

< 1 1 1 < 1 < 1 



rlrlHHHHHHHHHW(VJCV(VC\IC\J 

II<I<I<IIIIIIIIII 



cu 

OOOOOOHHH i H H H CU CU CU CU 

•\*v*\*v*v«s*»*v*v*v^*N # v 


CO* 

VO Q A Q H VO ON VO VO CO -4" CU OJ H t— O CO 
ON CO -4 O Jh- ON OJ PO ON ON -4 O) j- H OJ f- 

A r—j A ACO 4- CVI On -4 t— t— -4 H On H H -4 
-4HONO\omt-H t- m o cu OJ ia m m ia 

co jnj- 4 m oj cj H H ricdvo J rn cj H 


ON 

CO 

H H O VO CMt-nOt-H£-(nONHO\A4 
-4 CUt — HH CU44 C — mOOvO A<D (OCU® 
4M) ON On On a CU a 4 VO on H r— On iH r-i O 
rnco VO O CUCUOjmOHOHONCUVOt— A 

HH CU -4 VO dv H H H O CU iA<D H H H H 

. < » < < < < ^< < 


■ 

HHrlrlrlHrlrlrlHHHHWOJWOJ 

<<II<IIIIIIIIII<I 



H 

OOOOOOOOO 1 HHHHHCUCU 

•l H •» *k >4 ■ »1 *\ ^ *\ •> "v •> 


1 

lA 

VO CO GJ -4 A m4* OMAO ONH4 H t — CO {— 
nnOJlAC\4 O t-VQ O vo ON CU On OnOO HA 
VO t H t A OO ON -4 t-00rl00^4a3 
VO -4 -4 -4 VO ON CU E CU <25 A CU VO lAh-^H 


CO 

-4 H O VO OO OJ H VO ACO 4 t-OlH CU f^VO 

A t — On A p <£) A CU CU t*— A CU A CO At— on 

H CO on on vo CM H cu CUO H OJ CU4CO CU H 

m t— At— -4 Amt— on <25 h <t> on h o o o 



CO t VO A-4 CO on CU WrlfHHONt- A-4 CO 



HH cu on A t— On ON t— vo H cu 4 t— ON H H 

1 1 1 1 1 1 1 



HrlrlrlHHHrlrlrlrlrlrlHWWW 

<<II<III<IIIII<II 


■ 

H 

OOOOOOOOO i HHHHHH 

»N O -»•*•*••*•*•* 


VO 

A -4 PH On QJ lA (0-4* CO t— t— 4* t— ON CO A ON 

ON ON on -4* CO t— t — CU [— CD O ON O O CU -4 H 

VO jO Q IA0O ONf-OJ OJ CO O A VO O VO CO On 

CO CO On o OJ A ON -4 CN-4 H t— -4 OJ t- CO r-i 

CO t-VO V0A-4OO0UCU0JHHr40N C^-VO 


1 

A-4 co m On on m t— A on'P O A on On A m 

ON on O CU-4 On co A CU on co .m ACO onvo vo 

<6 CU O H ON on t— Jtr-4 AVO H CU H Q H t- 

CU t— -4 -4 VO O OnOO OO® AVO CO On t— O 

H H' CU on -4 VD vo VO A<X) a’h CU 00-4 AVO 


h 

H 

cT 


iHrHHrlrlHrlrlHrlrlrlHHrlrlr) 
■ < < 

h 

H 

a 


H 

OOOOOOOOO < OOHHHHH 

* 

i r\ 

t— (O ON VO t'-tOONt-COWOcnCO A O -4 VO 
AAA-4CD AH lA4 4 V)4 t— -4 CU CO H 
t— H H r-00 At 0 4* ON 5? H t— t— O A -4 
O OJ -4 VO ON (O t— ■ OJ r- OJ CO A H CO VO nH 

i 

to 

vo. 

CO 

-4 t— At— A On H P OnCO H CU t— H on CO CU 

co m t— co cu vo m® t— on avo co o a t— o 

VO t— t— t— t— -4 H CO ON H CUp-4 A CU O OO 

CU vo CU O On t— H 4 on A oncO on On A O on 



On CO t— VO A A -4 -4 roon W OJ « H rl H H 



H H cu m m-4 A-4 oncO cut— H h cu on on 

< 1 1 1 1 < < 


■ 

HrlrHrlrlHHHrlrlrlHrlrlHHrl 

II<II<<<I<III<I<I 



H 

OOOOOOOOO 1 OOOOHHH 


■ 

CO t— CO p mCO -4 rlQQmt-AAOONM 
ON A VO CU O O QJ4 A-4 O OJ O CU <25 AA 
t— On - 4 roAOcOONonop CU t— 4; (A A On 
OJ A On fA t OJ VO H t — m ON A H 55 A CVI ON 


A 

r— cu HvncD4 t— h vo cu a co t— t— on t—-4 
AOVOCO O CU H r-i mt— -4mCO-4 t— VO -4 
A-4 A on t— H CU CO H on-4 A CO t— cu t— t— 
CU VO H c— CU vo VO H CVj ON rn t — a 4 CU -4 vo 


1 

On to t— t— vo vo AA4 4 mmrow cu cu H 



H H cu cu on on on on cu vo H mvo on h h h 

1 < 1 < < 1 1 



rlrlrlrlrlHrlHrlrlHrlrlrlrlHrl 

<<I<<<<<I<<<<<III 


■ 

H H 

OOOOOOOOO' 'OOOOOO 


m 

no vo t— ACO OJVO CO VO t— CD ON AVO CO p CO 
t — rl O) 04 AH CO H 4 OJACOAHOJA 
f— t— <25 HAH ON CO ON H AO t— A AVO CO 
-4 ON -4 O A H VO. CU <X) A H <25 -4 HCOAOJ 

On CO CO CO t*- t — VO VO A A A-4 44 rOOOrO 


1 

O c— A Q CU rn t— m-4 -4 ON4- t— ON t— -4 ON 
pvO-4-4 CU H CUCQONHHOQOCOoOC— 
vo H o -4 vo o CUOAApmONt— 0-4 H 
CUVO OmAVO-4 o m ON A t— ON cu AVO vo 

HH CUCUCUCUCUCUH4A,— | CU -4 AVO t— 




HHHHHHHHHHHHHHHHH 

<< 1 << 1 << 1 <<<< 1<11 



H H H H 

OOOOOOOO ' 1 1 IOOOOO 


CM 

OJ (0-4 A t — CO ON O H CJ4 At-o CU A ON 

ON -4 A OJ A 4 ON H CO r-i O AVO -4 t — VO H 

A CM ON t — A 4 (04 -4 VQ <35 O rOt-HVO OJ 

vo co Os VO (O o r--4 H 05 A m O t— A CU O 

ononcocococid t— t— t— vo vo vo vo aaaa 


(O 

p m-4-4CO h co vo m On onco h Onvo -4 on 

NO A A CU CO t— At— AO A^j-vO-405_4 H 

aO A-4 mo t— -4 CU t— OJ H vo O O c— H O 
CM At- co <35 vo 4* M mONONONOJt— HVO O 

HHHHHHHHt— CU HvO H H CU CU m 

< i < i < < i 



bbbbBBBH! 



^HHHHHCUOJrHHH IHHH 
OOOO'' <<<<<<<<<<I 



•k ^ ^ •n«\*n*\*\*n*v*v*n*v*% 




H 

H H H A OJ O CU O <OOJ A-4 t t— H CU ON 
ON OJCO t — <25 Q m<35 -4 OJHOJ4CD4HON 
P H H OJ (O AVO t— ON H (O A t — ON OJ A t 
<35 VO -4 cu O CO VO -4 CM H ON A no CM O <D 


« 

CO H A A p VO VO mO® A ON ACO O O O 

cu ou h t— a5 a C- m h mvo on h a h on m 

CU A ON co r-i AVO H 4* t— t-_4 ON CU 4* CU CO 

cucuhoaoncua t— co r-i m co mvo <b co 



ON ON ON ON OnCO CO CO CO CO t — t — t* — t — t — t — VO 



H H H H ON t— VO -4 CU ON t— CU m AVO c— co 

<<<<<<< 



CU-4 vo CO o CU -4 VO CO o CU -4 VO CO o OJ-4 
OOOOHHHHHCUCUCUCUCUfOmcO 



CU -4 VO CO O CU 4 VO CO p CU-4VOCO O CU-4 
OOOOHHHHHCUCUcUCUCUmmm 



d 



o 

1 


V3VN 

































TABLE 2 - NUMERICAL VALUES OF HYFERGEOMETOIC FUNCTIONS AND THEIR ASYMPTOTIC REPRESENTATION - Continued 


82 


NACA TN No. 1445 




HrtHHHrHriH cm CM CM w 

1 1 1 1 1 1 1 1 1 1 1 I 1 1 1 1 1 



oooooohhhhhohcmcmcmcm 



•v s «\ s ^ ^ *V *\ ^ *N ^ ^ *V *V 





lA 

oj co on h no -4 q ® ® On On h min inco m 

cy e-® cu® -4 in H in cm -4 o ® oh h m 

CO 4 0 on m on m h on cm co o\ n ^ in® in 

vd o> oj -4 e- m h m cm -4 m invo m 0 e- 


in 

ON® ® H ® CM t^® H H in 5- m CM ON m 


9 


3 

in -4 cumoNCMinr— inmm_4tncMinHON 
0 miAE-o H® On On e— m h ® E-t-Ovm 





mt-oooihHH m_4 m in® in cm h 0 c— 



e- in^4 mcvjHH h ® -4 oj h e- m h h 



HHCUm4r— HCMCMCMHCMinHCMmm 

1 1 1 1 1 1. ' 



HHHHHHHHHOJOJOJCVJmm m--+ 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 • 



ooo.oooohhhhT 1 h h cm cm cm ^ 








lA 

ON 

CO ® ON VO t^-ovo m o> O vo co vo co CM O 0 
co co -4 cm tn® h t — co n r— ® oj 0 vo on h 
t^mt-^o\minro m® 0 on on -3- 0 ® 

co H r- vo co H VO -4 H ONVO H CM 0 m 0 O 


in 

ON 

mmmo m h ® in m tn m t^-4 cm m® in 

mr-CM-4 Q ON H ® CMH^-QNininCMQ-4 
E—-4 t* m On® CM in -4 mmONHC— H-4 0 n 
CM® H ON 0 ON -4 ® ® t- OJ ON ITN CM H ® O 



E-® 4mW(MHrMir\onoiHt-rOH(M 



H H CM CM-4 inONHHHH-4 CM® HH CM 

1 1 1 1 l 1 


' 

HHHHHHHHHCMCMCMCMCUmm-4 
1 t 1 1 1 1 1 1 1 l l 1 l l 1 l l 



OOOOOOOHHHOOOHHHCM 








lT\ 

-4 ONCM O vn mnnNONO\mON4 4 O E — m 


tn 

® CM® O CM® in -4 H ® H CMtn-4-4 CM® 


CO 

0 in h t^o t^mvD-4 ovom- 5 t in e- e- cm 
coco on on 4 4 - tn -4 tn in in co h invo m 
04400! in 0 co in^4 m-4 h m cm m cm 


® 

rl4lOO CM On in r- Q ON-4 -4-4 ON in Q -4 

,4 ® 0 m m 0 h m® mo in e- cn 0 ® 0 
cm in 0 ® in 0 ® 4 m cm on on h— ® -4 cm h 



CO vo in4 mCMCMHHCOinmcMH t m on 



HH CMCUminE-HHHONCMONCM in® H 

1 1 1 1 1 



HHHHHHHHHHCMCMCMCMCMmm 

l l > l 1 l l I-. 1 ■ l l 1 1 1 1 l 



OOOOCiOOHHOOOOHHHH 








tA 

H vo -4 tno\movo-4-vovD4 01 0 in m o- 


in 

® oj H® 0-4® on H On m m H ® mmo 



Jt-oo 0 on in e- in in in on e- 0 m Er® m 
co mof-HmoJO\ONONOC04coaoco t— 
cm co vo in t-o in m 0 h on mvo m_4 -4 0 


e— 

014© mo CMHHOH in On -4 CM -4 ON^E 



co vo m-4 n m w cm c\i ri MAm c\i H 00 4 



hhh cum-4® HHONE-mCMH cm mm 
1 1 1 1 1 



HHHHHHHHHHHCUCMCMCUCMCM 

i i- 1 1 1 1 i 1 1 1 1 1 l l 1 1 1 



H 





OOOOOOOOOOOO ' OOHH 



^.*>*S*\*V*\*S*\*\«\*\*S*\^*>*V*V 





lA 

cm vo cm co mr~iAinoNO -4 cm 0 on 0 3 ? on 
On m in co mvo t— vo H ® in m in e- 0 ® in 

On ONVO ON CO H CM On - 4- ® ® -4 ® CM Q ON lA 
-4 HOO CMVOHOCOVOHmONCMONCO H 


in 

-4 m h m cu® in On on® h in e- in cm in® 

000 m ON® in® H ® ® fOE- m On- 4 h- 
®HHHt— CMt~-HHH®CN m® O ON-4 
H -4 E- H ® in ON® -4 ® ® E- CM ON ON® m 

fcl -=E 



VO 


® 

1 

-4 


e 


co E-® in -4- mmmcMHHCo in -4 cm h h 

+ 


H H H CM CM rn-4 co E-® in m® m ON H CM 







00 


HHHHHHHHHHHHCMCMCMCMCM 

1 1 1 1 1 1 1 t 1 1 1 1 1 1 1 1 1 



H 

o 




OOOOOOOOOOOOO ‘ OOO 

o 



03 

O 



h 

> 

lA 

e— on c — ho m m h h -4 h in 0 e- in® in 

vo in CO 3? CM ON ON 0 ^4 0 h -cm On m© m h 

H nvo® mo® on m co h ® oh cumin 

r— in invo On m® onco m t— « r— m-4 on e- 

O 

T 

in 

in 

On H P -4 ® in® E- E-® On CM E- Q E- OJ in 

OOnON-4® H H H O ® ® CMO ON® ON H 

in m E- On CM ® CM E- E- E- On H ® CM® E~ m 

H m tn® m ON 0 ® -4 e- h cm® in H m on 

• t9OO9«O0»OaO«*** 

Eh 






co E-® in44mmmwHHONMnm(M 

Eh 


H HHH CM CM -4 ® in -4 -4 m H -4 POVO On 

? 


hhhhhhhhhhhhhhcmhh 



H H 



1 1 1 i 1 1 i 1 1 1 1 1 1 0 • 1 1 

Hi CM 

t 


OOOOOOOOOOOOO' 'OO 





•> »N « H 

H 

in 

r-VO ONin 0 vo 0-4-4 H h mvo H ON E-® 
on® m in on -4 e— invo m mvo mr- co4 f— 
m e— h -4 e- m® vo cuinoinmmo® cm 
on on h mvo h e- h cm m in o\ in cm ® vo o\ 

l 

in 

oj mp h e* in® E-mo® m in® m h cm 

cm h ® ® pmpmE-4 e- in -4 ® ® -4 m 

oj e- in on cm ® in® m-4 m mp cm cm cm m 


-4 

H 

-4 





H CM -4 ® O -4 CMH040 in® -4 -4 E- CM 




l 



vT 


® e— E-® m in -4 in in m cm h h h on e- in 

Eh 


h h H h cm cm m in -4 mmcMH®mHm 



HHHHHHHHHHH H H H H H H 
1 1 1 1 1 1 1 1 1 1 1 1 

XX 


H CM H 





OOOOOOOOOOOOOO » • ' 








m 

in® mCMM 0 4-4 E" - t — CM E— -4 ® ® ON H 

® cm -4 ® on® cmhvq e- e- on 0 tn 0 ® m 

® Q O m H CM t-® H-4 lA iA-4 H cm® 

H4 4° lAH ONVO 0 t^vo ON -4 O E^-4 H 


in 

cm - 4 m cm On 0 -4 ® ® m 0 oj no® 0 m 

-4 E-® CM-4® E~ ON On E^-4 m H ® CO E— O 

ON 0 -4 CM in® CM ON E- E- 0 H ® m® ON-4 

0 OJ minE-O® ONCE\-4 CM ON in H ro Eq- m 


CO 


m 



ON® 5 - t-VO vo invo E— -4 rn CM CM CM H H H 



HHHHH OJOJmOJOJOJHHH® E—lTN 



HHHHHHHHHHHHHHHHH 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 ■ 1 1 



HHH 





OOOOOOOOOOOOOO' 1 1 








in 

cu 

H CM® 0©VOH4440aJH©®VDE- 
m On m e- ON on E-® ® On cm® incMmm® 
O^t-4 ON CM 00 CMHOCMONmOO® CM O 

-4 ® m® in cm mvo ® ® cm - 4 ® mco in cm 


in 

CM 

On - 4 H -4 H t— E~ E-® |E- CM ON m-4 pp H 
® ® m.4 -4 0 m® ® ® -4 ® 0 on® ® on 
® -4 -4 ® CMI/NCMOnOnE'E-OnCM CM m-4 -4 
OH CMmnC^HOHE^-inmCMO CM 0 e^- 



on® ® t — t — r— ao on® in -4 m m cm cm cm 



HHHHHHOJmCMHHHHH®®m 



H H H H H H H H Hi — 1 1 — 1 H 1 — 1 H H 



H 



• ill • • IOO* ■ * • • • • • 



OOOOOOOOOOO » OOOOO 








ITN 

1 — in m® ® e- 0 on t — e— On m cm ® in cm ® 
m on® on 0 in in cm cm m m4 e- H on on h 
- 4 H mp E~® ® H O 04®b On 5 — m in 
®mo®®®onm m® tn® H ® cm ® 



m® ® H ® m® ® m on® cm® on m h m 





0 © E-mm ON® e- CM -4 lAQNp On e- On® 
® -4 CM CM® H ON W E-Hffl© in m® ® 





O O H CM m-4 E- rn® CM H ON ON 0 H CM® 



o\ on on® ® co on h h on e-® tnin44 m 



HHHHHHHCMHHH On® ® C^-® in 



HHHHH HHHHHH 



HHHHHHHH 



lit 1 1 O O O O O O ‘ » 1 i ■ • 



OOOOOOOOO 1 1 1 1 • 1 1 » 



•\^*\*>«*‘X*\«.*S*V*S*'*'*'.*''»'*' 



— \-S-V— NtX— N 


in 

-4®mo oj on in m on on® h in -4 ® in on 

0-4®® m-4 H E— m mco -4 ® ® on h on 

On h ® CM ® m a* m® 0 on® ® 0 in 0 0 

® ® E-® ON O H -4 ^-rOOVOVD ON CM E^ CM 


in 

-4 ® ON-4 in CM m4 ON ON CM ON® in -4 0 H 


o 


0 

-4 m On® On m E-® ®mopHH CM-4-4 
H m in on- 4 m® tn on cu e-o-4 on h® on 





0 0 0 0 H CM m® H H ® 0 m E- moo _4 

• loioe oaoooooaaa* 



CN ON ON CN ON HHHHHH On® C- E-® ® 



hhhhhhhhhone— e-® in in -4 _4 


77 

CM -4 ® ® O CM-4 ® cO O CM -4 ® ® O CM -4 
OOOOHrHHHHCMCMCMCMCMmmm 


R 

CM -4 ® ® 0 CM-4®® Q CM-4®® O CM-4 
OOOOHHHHHCMCMCMCMCMmmm 


2_i 

O 


w! 

O 


Vdvn 

















TABLE 2 *- NUMERICAL VALUES OF HYPER GEOMETRIC FUNCTIONS AND THEIR ASYMPTOTIC REPRESENTATION - Continued 


NACA TN No. 1445 


83 




HHHHHrlHrlHWWWWWrnmpn 





- 

l < • » l l l l ill 



OOOOOrHrHrHrHOrHOJCMCMCMCMOJ 


ITN 

3 

H 00 O O Cf\0 N4 O CO qj On m c— mvo VO 
r-Him-<i)ir\HooiAovoj-co o t— o\ 
-4 -4 m r— moMnmHcb mo m cm oco r— 


m 

s 

O rHCTxmmvQCO-4 Ox co CM CO -4 vo CM -4 -4 
co hcO m o co co o oj m m t-- cm vo m c-vo 



0-4 HO. (M IAH OJ CO mvo O H OJ-4 



m on t— o (mo® mh- m on m-4 vo m h m 



co vo inn m cm cm cm h vo m oj r-ir-ivomn 



HHCM-^4VOHH-4 m m_4 rH CM m-4 -4 OJ 
<111111 



HHHHrlHHHHWWWWWOjron 









OOOOOOHrHHOHHWOlOJCMCM 


lA 

ON 

o cvj .H oj -4- o h mvo o\ o- m vo m oj 

CTH; on co o\w wh4 h o oj wm4 Ox ON 

mco m-4 c\j o\ vo m o onvo m r- m oj m ox 

ojc— mmt'-ovo r - onvo 4 t-int^rHCO t- 


m 

ON 

CO vo Q vo OVOVO rH m ON rH m QN-4 ON h m 

m-4 o\ m r— cm <25 -4 co mo<X>co-4-4vovo 
m _h cm m m m rH mco oj Q t— oj on o mvo 
mco mvo -4 vo m m t— onco co 4 0 vo r- cm 



covom.4 mmcMCMHaommcMHHvo m 



rHrHCMmmcOrHmcMmoir— rH oj cm cm cm 
1 1 1 1 1 1 1 



rHrlHHrIHrHHrlHOJOJOJWWO) m 

» i » i i i i i r i i 



OOOOOOHHHOHHHCMCVWOI 








in 

cm r- m on m cm -4 t- r— o oj o\ r- m o t— 
-4-4 0 m-4 -4 m m rH on mco vo h OJ O 
vo 4 OJ t— Ox® ONint— OxmOxCOVO 04 CO 
4 h o o ojvo oj m m m t— 4 on <25 0 m m 


m 

vo rH oj hcO 0 mco m r-4 h nmio 4 


CO 


CO 

ommc^H m^HH4 cm m cm m 0 m-4 
ooimmoi-4 ojmt— t— Hm-4cbrHa>H 





mr-mcuc-woit“Otf\ m-4 0 H mvo vo 



co [--vo m-4 mmmoirH[--mmojojH.co 



HH<Mn4t-HCJOimH4COHHHH 

1 I 1 1 1 1 1 



rHHrHHr-Ji— IHrHHHHOJCUOIOJOJOJ 



OOOOOOOrHrHOOHrHrHrHrHOJ 








ITS 

co in oj. m f-co vo on - 4 c—co 0 r-m- 4-4 m 


m 

rH rH. cm C- t- mvo VO mHVDCOOVOHOsm 
CO VO VO ON O O H O CO -4 OVO On CM mCO H 

vo m m h 0 co ojmm® oj moi-4vo h cm 
ojvorHONrHoaNrH m co [- .4 J 4 m-4 co 0 



O -4 O Q -4 QN-4 ON OJ ON Xr rH On m-4 m t— 
® OJ CM NO -4 CO t--ao [ 4 CO O VO O 4 H [— 

vo m mvo ONmoin.4voooovo-4 m r— 





CO t no rn-4 -4-4-4 m H H co vo -4 rnoiH 



HHOJOJ4VOONCMH4t — OJ 4 VO CO ON rH 
1 1 1 1 1 1 1 



HrlHHrlrlHHrlHrlHOIOJQJWOJ 

1 1 1 • 1 1 1 1 I 1 1 1 1 1 1 1 1 



OOOOOOOrHf— (OOrHrHrHrHHrH 









On - 4 m mvo m 0 H co 4 - H4 4co onh 0 


m 

mmo cm - 4 cumf-4 cm mvo onco on cm cm 



gj-4 rH -4 moH(C t-mt-t- mmt—ojH 
OOJVO HONM4 C\J CO VO rH -4 in H H h- m 


VO 

vo m rH t— h maxONCM mmm-4 o o cu t— 
m m ON H vo O H44 ON t*— ON C — H CO -4 -4 


ON on 0 mvo oj 0 On vo oiiah 0 cm r--4 -4 


cm m onvo iah ovd rHomoimmm-4 on 



co c— t— vo m m m m-4 oj h h oxr-m 4 m 

+ 


rH rH rH cm m mco rH H-4 m rH ojm-4 mm 

1 1 1 1 1 I 1 

3 


HHrHHiHrlririrHrlrHHrHiHOlWOJ 

1 1 1 1 • 1 1 1 1 1 1 1 1 1 I 1 I 



OOOOOOOH OOOOrHrHrHrHrH 



+ 


. •* ■» *»•. •>>•> 

m 

o 

in 

in 

t— mvo m on 01 vo mt-OH 0 mcvimo-ON 
omt--j- mojvovo MnmM-4vo mco 
m-4 -4 h mmmmojONON^-H rH on rH m on 


m 

m 

vo rH -4 O On Ox rH m mvo -4 o rH On o -4 O 

o 


rH mvo 0 m oj 01 vo m 0 0 vo m 0 rH m rH 

CO 


t— ^ co mo cm -4 cm -4 m m m cm co mco cm 



on co r— t-vo vo vo t*-vo nojHHHov r^-vo 



rH rH rH CMm4VO rHCO fO H VO rH rH CM CM m 
1 1 1 1 1 1 1 



rlHHHHHHHHrliHrHHHrHHrl 



rH 



• 1 1 1 t t 1 1 1 1 1 1 1 1 1 1 1 



0^0^ 0^0^ 0^0 OOO 1 O O O rH rH rH 

t 






1 

in 

h ot m qnco 00 co co mco noNt-4 0 t— 
-4 on cy co co m mco on 0 On onvo m m m cvj 
vococo m4 cvjHcomojmojmaNco o -4 
m t— cvj co m-4 c— co moico cvj co. m m oj 0 


m 

mt--mo i— l m-4 m mvo mot-- nnoo mm 

> 


V 

■1 

mot- mvo -4 on On m h q m onco m t- m 
t— O on o co on mco on m o onvo mco m -4 



EH 


H 4 vo H vo m CM co CM VO OOO O H4VO 

cr* 


OnCO CO t“— t— [*— t— ON CO -4 OJ OJ H H H H H 

cr 1 

■ 

rH rH rH CM CM m m On VO CM CM rOVO CNH H H 
• 1 1 1 1 1 1 



H H H H H ri H HHHHHHHrl 



J-H 



1 1 » 1 l l 1 O O • * 1 » 1 l l l 



OOOOOOOOOO • oooooo 



S#X— »-N— > 





m 

m 

O OJVO t — CVI O ON CVI -4 CM -4 vo -4 mco -4 m 

-4 VO ONVO OJ 00 m CVI H CO VO 0- m OJ I-H m 

0 mvo vo on - 4 -4 c — m m-4 <25 0 onvo c- 0 

vo 01 on t^-vq co m oj h r— co on in h o\ t-vo 


m 

CM 0-4 rH co co ON On CO -4 o vo CO H vo vo m 

vo o r- m cm vo -4 vo rH mn mco vo on-4vo 
4- mvo (2) m h m m t— t— mvo r— rH -4 -4 vo 



m 





rH m mco mo cm vo vo o CMCMr— cMint-r- 



ON OnCO COCOCOONrHrlinmOJOJOJrlrHrH 



rHrHrHrHCMm^4t«-.4 CM m rH CM -4 mvo t— 
» 1 1 1 1 1 



HHHH HHHHH'HrHH 



i-H rH 



1 1 1 <ooooo» 1 • t 1 1 1 t 



OOOOOOOOOO! <00000 








in 

co h »-h 0 on m 0 vo t-ON<nco mvo 0 oj cm 


m 

VO ON mco On ON H 4 OH H COH t — mCNCM 
t- cm t— qn m rH mco vo mco m onco cm cm on 

rH VO -4 QJ CM m CM CM vo o m^t Ot-t-ONm 


CVJ 

OnCO -4 0 0 -4 H ON -4 ONVO -4 m mvO ON rH 
4 4 rH CD 0 mco -4 m-4 25 .4 t-t-OOlfN 

co c--r— r?-ooHvomc'-oco h t- m m h 


CM 





H W4VOOlA4 0N4VOHmHt-mcOn 



on on on On h h h h h c — m m m 01 cm cm oj 



r-HHrHrHCMCMmmmHmmrHH cm cm m 
1 1 1 1 1 1 



rlrHrliHrHrlrH 



rH CVJ rH rH jH 



0000000000 1 


■ 

OOOOOOOOOO' i < ■ too 








in 

ojvooomojrHinm onco vo 0 h co h vo 



t— cm m r--4 onco h-4 cm co m h on mco t-- 


O vo cm h ojvo rH 0 r— ojvo on mco CNCO t— 
h cm m on m mvo mox-4vo mo p-a) mvo 


HAH 

qn onvo -40N-4voQHmo\o\Hom mvo 
co ONmHmcMVOcKr— cmO-4 oh ONVom 
o Hmmt — Ht--mmcM-4 h h nmo cm 


rH . 

OOOOHCM-4rHOOmvOVOONmmH 





rHrlHrlrlrlrlOJOJrl VQ -4 m OI CM CM Ol 



H H H H H CM CM H CM H mvo mvo CO H H 

1 I- 1 1 1 






H rH H CM CM rH H rH 



OOOOOOOOOO • * • 1 1 1 1 



O o 0.0 000001 » • ! ! 1 1 • 








in 

O CM -4 HOf-trht-OOd c— VO ON CM C— -4 
vo h on r— vo t— h co m o co on rH m h -4 


m 

mvo onco 0-4-4 o cm m h co on m on on o 
CM co m <25 mvo -4 h vo vo h cm vq mm 

vo m m m cm co miApco On o co 0\3- Onvo 
o h cMmmt— CMtnoNCMCO cm vo m onvo cm 


o 

mco rn H OJ On Q m nj ON rH co ON ON On rH rH 
OOrlOJm4COKOrOC10HO\HVDO 


o 



HrlrlrlrlrHrHOlWrH CO m m rH rH VO m 



HHHHHHCMmH ON-4 CM m ON H CM m 


* y 

CM -4 VO CO o CM -4 VD CO O CM -4 VO CO O CM -4 


HB 

CM -4 VO co o CM -4 VO CO O CM -4 VO CO O CM -4 



O O O O H H <— IrHrHCMOJCMCMCMmmm 



OOOOHHHHHCMCMCMCMCUmmm 



o 

l 


H 

o 


NACA 




































TABLE 2.- NUMERICAL VALUES OF HYPERGEOMETRIC FUNCTIONS AND THEIR ASYMPTOTIC REPRESENTATION - Continued 


84 


NACA TN No. 1445- 




CO-4 - 4 

i i 1 1 1 i i i 1 i i. i i 1 t t i 



00000044444044CMCMCM 


3 

OvH CM rHVQJ>-O\r~--3tC0 O CO 4 4 IfNO ON 

o\ h g? r— -3F eo 4 4 ao ia m o\Chtr 4 4 on 
t— q co t— 4 ia® vo ^-wh^g ) 00 i A4 m 
t— O LA4 VO ON4 CVIt-O t-® O 4 VO o 


3 

•»8S»5l\RS8S2fcS;gM>#* 

O) On no On co 4 4 O 4 CM On NO On OnvO NO QJ 
CM NO CM O on ITN 0 4 4 0 t~— ON Lf\ CM <25 



C— VO 4 m CM H Hr4CMfNWH(MAOJjf j- 

i 



4 4 CM on 4 NO 4 CM CM CM 4 on POOO 4 QJ CM 
• ■till 



rlHHrlrlrlrlHHWOlW C\|(Ompn4 
l 1 1 1 1 1 1 t l 1 1 1 1 1 t 1 l 

•n***vPnp\» v Pn^^*\pv 1 *x^^,*\Px*\ 



000000044440444CMCM 


On 

2\HHOVD00O4inr0HGI4-O C\CO 4 
co o On On O m r- on no 4 lA co nnHQO r — no 
OJVO t^H no rovn OJH On iACO.vq 4vo 
On on On co o on co vo end on r - no no On On on 


On 

4 CM 4 CTNOb on VO VD O O 4 4 CO 4 ITNVO 4 

f— ia X r— 4 co omont'-ovo o co omiA 

itn o ao e- r-j no t— on co i c\j ia 4 o 4 t“ on 

CM NO O E- CO 4 4 NO lA4 4 VO VO onOO 4 lA 



0— VO 4 mnnWH H H t^4 CM H ON -4- 4 4 



4 4 CM CM on lA CO 4444444E— 44 

i l i 1 i 



HHHHHHHHHrlOJWWWWCJW 

l 1 1 1 t t I 1 1 l 1 < 1 1 1 1 1 



OOOOOOOHHHOOOiHrHHH 


CO 

h o itn on vo o- r — vq oj o Q onm ai 4 on 4 

on vo H f— ® o cm on On no <35 c— on® no on t— 

CO lACO CM NO co t— O ON O Q 4 QJ ["-4 4 on 

4 vo on on -4 t— cu 4 t — o un ma 0 h- o -4 4 


CO 

O CM 4 444 0-00 lACO O LTN O CO 4 CM 

VO 4 E- Q O ON VO 400 CME-CMt— 4VOOOO 
CM CM CM 0 \ 4 <£) 4 VOVO t^-CO kT\4 OI-rn4 
CM lA ON 4 on lACO CM 4 OVD VO 4 ONVO f-CO 



CO NO lA4onCMCMCM44 VO -4 OJ H H lA OJ 



4 4 4 CM on 4 V0444COoniA4oniAt— 

i i i i l 



4444444444CMCUCMCMCMCJon 

l i i i i 1 i l i i i i i i i 1 i 



4 

OOOOOOOOOOOO • 0444 


t- 

UM^-OJ-4 t- on co t- on co 04 lA OJA On On 
CM ON <25 t-H OOH4 Q O IA O tA £-<g £0 t“ 
CM-^ OJ O H 0-OO<5 CO ITN 
m o 03 CO On on CO t— 4 4 NO f — VO H o CM O 



4 m 4 On o-4 0 \ONQjOrncMpao cm cm 

lA E— ON CM 4 44 CM VO OnO 004 lAVO NO lA 

On 4 f— on r—iA on on CM t—do iacj 4® o On 

4 4 r- CM co co ITN E-VO t— lA 0 \ t— CM lAVO VO 



CO t— lA4 on m CM CM CM H ON VO 4mCMHh 



4 4 4 CM CM on tA OncO t — no niACj-H OJ on 



MrlHr|HHr|r|r|r|r|rl CMCMCMCUCNI 
1 1 1 1 1 I I 1 1 1 ■ l 1 1 1 1 1 . 

Ki4 


0000000000000.0 044 




+ 



i 

, § 

VO 

on on On -4 qj °o tr 4 unco co -4 co iA4 4- 4 

t— CM 4 jAvb f-00 ON On -4 CM itn lAVO vq ITN On 

QetJ H© On 4 r-rl o O H rnn t— <X> lA Q 

vo on on on itn On 4 inon0 4 o vo trx Ox t-a5 

x 

CQ 

O 

O 

vo 

VO OJ onao co NO CM OJ CO LA ON 4 co CO co CO f— 

iA4 on O NO CM m CM t-4 on O 4 On O 4 O 

vo 0-4 o On m t— co vo CM ^ m cm 4 no no On 

4 on NO O 4 CM 4 IA on VO ao lA on co CO o tA 

m 

o 


co t*— vo itn-4 on on on on cm rH H t— ia m cu 4 


4 4 4 CM CM on 4 t—VO lA4 m 4 4 tA 4 4 

till 

% 

h 


HHHrli-IHrHHHHrlHHCMCMWCM 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 I 1 1 

0 

1 

Eh 

H 


4 

OOOOOOOOOOOOO 1 ooo 

•XPXPxPxPxPxPxP|PSP|Px^Px^PXPx«N 

vT 

T 

ia 

ITN vo COCO _4 ON CO H HVO tfN VO COCO 4 4 f- 
t*" -4 lA CM on on iTnCO itn o iCn o CO vo lA 4 
CM t-rnoONO o -4 00 (Nj C— ® ononcMmoo 
CO r— CO o CM 0- on ir\-4 <0 OlTNCMlfNoniTNO 

4? CM 

T 

tr\ 

IA ON on ITN 4 O VO VO CO CO VO CM VO CM on O lA 

VO 4 o— on ITN o ON t— £- nn4 04 ON on 

on o 4 ONVO 4 4 t— ON lACO C — 4 0 — CM 4 Q 

4 oniAtr-4 f-vo CO NO O lACO co 4 lA On 

% 


ao t— NO NO 1A4444 CM CM H 4 ON E- lA4 

a 


4444 CMCMoniA44onOJrHon4 rniA 

CTl 

(- 



Eh 


~ 



HrlHHrli4rirlHrlrlr(Hr)rHrl(M 
1 l 1 1 1 1 1 1 i l I I 1 1 J I I 

Px *x *\ p\ Px *s p| Px *x *x *x PX Px p\ #v 

H 


4 4 

OOOOOOOOOOOOOO 1 »o 



-4 co cm CM On f— la po On ON o VQ t — ITN itn no itn 

on c— on cm on-4 4 o ia on on® 4 in o on t— 

ITN 00 O O ON P CM£-0O t — CM Q LTNOnO lA4 

o r-j 4 ^-om 5 on oo oo 0 4 on ir\ on o 4 


4 

t— 

4 o o t— 4 O IA m LAND QJ NO O ON 4 NO 4 
CO ON 4 t-rOt^OJiA® 4 ON CM t—VO O 4 C— 
Oonpp®t-Qa4.VO OJ A4 O'®'® QVQ 
4 CM 4 VO ® CM ON uN4 OniACME-OCKCKlA 



ON 00 0— NO NO in ITN ITNVO 4 nWHHHHCO 



44444CMCM4onCMCMCM44CMtA4 

i i 



HHiHHrlrHHHrHHrHrlHrlrHHrl 
i l l l 1 1 l I 1 l l 1 l 1 1 1 l 



4 4 CM 

OOOOOOOOOOOOOO 1 1 1 


on 

O O t CO ON 4 4 co ao on C— 4 c— NO CM on IT— 
in on c^NO NO CO rH 4 m u"N t'— On H On on 

CO CM H t— 4 t“00cO LTNONONOniTNOonp CM 
CM VO 04 O VO lA IfN CO lA on VO O VO CM ONVO 


on 

lA lA t — CM 4 O CM cn lAVO VO IA4 NO IAOn m 

O vo on 4 iA 4 CM On On On 4 4 envo CM® O 

(33 t- ON 4 m 4 NO 4 IA ONVQ 4 ON 4 fr lA CM 

04 cm 4 no On on tA ia o ® no on4© mon 



ON 00 co £ — h-vo NO IN-CO lfN4 onon (M CM H H 



444444CMonCMCM4444t^-4 NO 



rlrlrlHHrlHrl rlrlrlrlrlrlrlrl 

I 1111(11 o 1 « t • i • i i 



4 4 4 4 

OOOOOOOOOOOOO ‘ < 1 .» 


C\J 

NO OOCMCTnC— rHOOonCQONON t— VO CM CM on 

WHonOONt-ONW<04onHHIAOJ(nCM 
CM 00 ON 4 0- tr\4 ON H lAVO H 4 lT\ ON ON 4 
ITN O VO on O ON 4 t— 4 aO on 4 t— 4 VO CU ON 


CM 

ia 4 lA On moo nneo no OJ4 OJ no 4 O h 

m c—4 4 0 m CTx4 ® no no ia mvo m cf\ On 

lA 4 ON ON CM 0 O CM® 0 CM CO lA 4 ON ON 

044 CM4NO ON t— ® lA on 4 O CM ® 4 O 



ON On co co co t— co ON 4 VO lTx4 4 OO OO CM 



4444444CM444440N C— VO IA 


■ 

444444 4444444 

iiiiiiOOOO<<iiiii 



4 4 4 4 4 4 4 

oooooooooo< < 1 • * 1 1 


B 

on On ON O 4 O on t— C*-.vo oo On OD m4 iAOn 
vo ononuSon4C04vo 4 a\® 4 itn itn itn 4 
VO VO O O O CO OVD 4 ovo® CM OONQ t— 4 
f- IA4 00004 O CU LA 4 4 <7\ 4 4 ® mON 


4 

on co op iaq on t— 4 vo ONOJiAt—iAono 
t— o on co mvo m on m4 vo O onoo p no vo 
CMVO o IA on 4 4 O ONVO VO <23 C— f-4 4 CO 
0044 cumiA4 moonm itnco cm vo o 



On On On On On On 4 4 4 4 On 0— E— vo itn iTN 4 ' 



4444444CM44 ONOO f-VO VO lA lA 



CM 4 VO CO o CM 4 VO CO Q CM 4 VO CO O CM 4 
000044444CMCMCMCMCMononon 


R 

CM 4 VO CO O CM 4. VO CO Q QJ 4 VO CO O CM 4 
OOOO44444CM0JCMCMCMmmm 


/_ 

O 



o 


VDVN 









































TABLE 2.- NUMERICAL VALUES OF HYPER GEOMETRIC FUNCTIONS AND THEIR ASYMPTOTIC REPRESENTATION - Concluded 
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Figure 2.- Zero streamline of a compressible flow in hodograph plane, e = Mi = 0.60; 
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Figure 5.- Zero streamline of a compressible flow in hodograph plane. € = — ; = 0.60; — - 0.05. 
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